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Abstract: This research explores the algebraic and structural characteristics of finite star-like transformation
semigroups that have cyclic features. We formalize the concept of cyclicpoid classes, characterized as star-like
partial transformations that function alongside single-valued unary inversion operations. Concerning the structural
deviation from classical cyclic groups and monogenic semigroups;.specifically, we examine the systems where
their kernels do not constitute group subsemigroups. By employing, generator-index-period parameters (m, p) joint
capacity parameters v*, and subsemigroup kernel decompositions, we establish a lower-bound theorems that regulate
operational transformation paths (Theorem 3). Additionally, by representing composition matrices in real min-plus
algebras, we create a tropical polynomial formto ascertain exact tropical roots (eigenvalues). A non-group Cayley table
with 4 elements, an evaluation of a 3 x 3 tropical matrix eigenvalues, and applications of combinatorial parameters
are provided to validate the theoretical framework. This study integrates star-like partial function limits with tropical
spectral descriptions for generalized cyclic transformation semigroups.

Keywords: Monogenic Semigroup, Cayley Table, Star-like Cyclicpoid, Transformation Semigroup, Tropical Algebra,
Semigroup Kernel.

1. INTRODUCTION

Graph theory’s close relationship to the algebraic
theory of semigroups is one of its noteworthy
applications. The relationship between star-like
semigroups and the geometric-combinatorial
theories underlying this algebraic representation
has been studied, in particular, using the cyclicpoid
class as a model. In the literature, there has
been a notable increase in connections between
tropical geometry, algebraic geometry, and related
combinatorial models throughout the past fifteen
years [1, 2]. For more recent work in tropical
geometry, the reader is referred to Helminck and
Ren [3], Puentes et al. [4], and Ibrahim et al.

[5]. Tropical geometry requires exact algebraic
definitions before meaningful mathematical
progress can be made. This characteristic, which is
often emphasized by the use of quotation marks,
allowed Itenberg et al. [2] to differentiate tropical
algebraic operations from their classical algebraic
equivalents. While Katz [6] emphasizes the study
of linear systems on graphs and lifting tropical
curves in higher-dimensional spaces, Brugallé and
Shaw [7] adhere to this convention. Similarly, Shaw
[8] studies matroidal fans’ tropical intersection
products. These contributions demonstrate how
tropical geometry is becoming increasingly varied.
Recent studies by Usamot et al. [9], Idayat et al.
[10], and Ibrahim ef al. [11] have investigated the
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tropical characteristics of idempotent elements in
the full transformation semigroup, offering new
information on structural properties from a tropical
viewpoint.

Classical  algebraic  semigroup theory
provides the foundational apparatus for studying
algebraic structures equipped with associative
binary operations [25]. Central to this theory is
the investigation of transformation semigroups
and symmetric inverse semigroups, which model
partial and full mappings on finite sets [15, 26].
A cornerstone of mainstream semigroup theory
is the study of monogenic (or cyclic) semigroups
Pw,, = (b), whose fundamental structure governed
by the generator index m and period p and
associated Green’s relations are thoroughly
characterized in classic treatises [14, 25]. Order-
preserving procedures and isometric mappings have
further expanded the scope of semigroup theory.
For instance, the ranks of specific semigroups of
order-preserving partial isometries on a finite chain
were examined by Ali ef al. [12], while Garba [13]
investigated idempotent ranks of semigroups of
order-preserving transformations. Comprehensive
analyses by Howie [14] and Ganyushkin and
Mazorchuk [15] provide essential foundational
references for finite transformation ‘semigroups,
complemented by Higgins~[16] regarding order-
preserving mappings.

Recently, Akinwunmi [17] introduced a novel
class of star-like semigroups and characterized
cyclicpoid:. functions, focusing on the detailed
interconnections between group theory, semigroup
theory, and tropical algebra. Akinwunmi et al.
[18] standardized the co-existence relations of
operator algebras and transformation semigroups,
establishing a key link between group theory,
semigroup theory, and functional analysis.
Furthermore, Akinwunmi et al. [19] explored the
geometric properties of the star-like transformation
semigroup CyPwy, establishing a tropical graph
by examining its algebraic and tropical structure.
Structural properties of related semigroups and
transformations have also been extensively
studied by Imam and Ibrahim [20], Umar [21], and
Kachalla and Madu [22], addressing parameters
such as breadth, collapse, fix, height, waist,
and nilpotent product representations. Recent
developments in transformation semigroups
have also focused on structural restrictions and

specialized element properties. For instance,
Srimora et al. [23] investigated the regularity of
transformation semigroups with invariant sets
restricted by equivalence relations, while Chinram
et al. [24] systematically characterized left and
right magnifying elements in generalized partial
transformation semigroups.

1.1. Motivation and Research Gap

Star-like  monogenic  semigroups frequently
display cyclic substructures; however, their overall
configurations rarely create cyclic groups due to
non-invertible transient trajectories and an absence
of global identities. The cyclic core present in
a larger star-like semigroup is denoted by the
cyclicpoid class G¢y,. Despite recent'advancements
in transformation semigroup " theory, a notable
structural gap persists: eXisting frameworks fail to
create a direct connection between star-like partial
transformations “with ‘unary inversion operations
and min-plus tropieal spectral representations [23,
24]. “"Furthermore, traditional static models fall
short in handling dynamic alterations in index,
period, and kernel across various composition
paths, particularly when zero-adjunctions (@) and
non-group subsemigroup kernels are present.

1.2. Objectives and Main Contributions

To bridge this gap, this paper introduces a
unified algebraic framework combining star-like
cyclicpoids ~ (CyPw;;) with  max-plus/min-plus
spectral analysis. The primary contributions of this
paper are structured as follows:

(i) Formalization of Cyclicpoid Axiomatics:
We establish exact operational definitions for
star-like cyclicpoid classes operating under unary
inversion laws (—1) and zero-adjunction rules,
establishing key inverse operational duality
theorems (Section 2, Definition 2).

(ii) Tropical Spectral Representation: We
map star-like composition matrices onto real min-
plus algebras, providing a tropical polynomial
characterization to determine precise tropical roots
(@;) and invariant eigenvalues for transformation
matrices (Section 3.1).

(iii) Combinatorial Lower Bounds: We
prove explicit lower bounds for operational
transformation paths and spinnable cyclicpoid
bijections (Theorem 3) derived from generator-
index-period parameters (7, p) and joint capacity
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parameters v~ (Section 3.3).

(iv) Concrete Mathematical Illustrative
Examples: We present a non-group 4-element
star-like monogenic semigroup Cayley table
(Example 1), a 3 X 3 tropical matrix eigenvalue
evaluation (Example 2), and folded combinatorial
parameter evaluations (Examples 5-8) to validate
the theoretical model.

2. PROPOSED WORK

To ensure mathematical clarity, rigor, and consistent
presentation throughout the formal development
of our proposed framework, the primary symbols,
parameters, and algebraic operators used in this
paper are defined and summarized in Table 1.

The theory of star-like transformation
semigroups is expanded in this work, with a focus on
tropical and combinatorial frameworks, building on
these foundations. The results are intended to pave
the way for the application of semigroup-theoretic
methods to computational algebraand other branches
of mathematics. One can place the cyclicpoid
class concept of the star-like semigroup Gy imva
hierarchy of cyclic, tricyclic, polycyclic, andrelated
subsemigroups by admitting a charaeterization in
terms of its index, period, and-Kernel. With this
structural framework, we-study combinatorial
growth properties, recursive identities, and product
decompositions were studied. This work develops
exact algebraic relations for classes of spinnable
cyclicpoids. Thus, G¢y is described in this study
in terms of index, period, and kernel, along with
connections to traditional cyclic structures, creates

novel combinatorial identities and inequalities for
spinnable cyclicpoid classes, expanded the findings
using explicit recursive and algebraic results, and
presented fundamental definitions and axioms for
star-like cyclicpoid classes.

However, Ganyushkin and Mazorchuk’s
[15] and Higgins’ [16] classical approaches in
transformation semigroups form the basis for finite
transformations, they clearly demonstrate structural
constraints when dealing with complex algebraic
structures. In particular, conventional models are
limited by static constraints that do not take into
account dynamic index, period, and kernel shifts
among different composition routes. Furthermore,
conventional subsemigroup structures _continue to
face difficulties in reliably managingunary inversion
operations within non-group. structures and
recognizing recursive spinnable . transformations.
Although, path compositions linked to early-
stage invertibility. and ~multiplicity tracking by
Akinwunmi et 'al. [19] and modern transformation
investigations-by Imam and Ibrahim [20] employ
advanced foundational parameters. Our suggested
method uses special unary operations of the
cyclicpoid class G¢y and the star-like partial cyclic
semigroup Cy,Pwy to solve these specific structural
flaws. By explicitly classifying finite algebraic
structures according to their intrinsic structural
restrictions, this method effectively overcomes
the strict constraints of traditional transformation
mappings.

Definition 1 (Monogenic Star-Like Semigroup)
[14, 15]: Let Pw, = {b) be a finite monogenic

Table 1. Standardized Mathematical Notation Used Throughout the Manuscript.

Notations Formal definition Scope
C, Pw; Star-like cyclicpoid partial transformation semigroup on finite chains Algebraic structure
mp Generator index (m = 1) and period (p = 1) of monogenic kernel Kernel parameters
Ko Unique star-like kernel subsemigroup Subsemigroup
B Kﬁ* — {ﬁm*}ﬁ(m+ 1)*},3(m+2)*‘ ﬁ(m+p— 1)*}
a’ Invariant tropical spectral root (matrix eigenvalue) Min-plus spectrum
13
f(n C.P w") Combinatorial lower bound function for transformation counts Combinatorics
1Ly n
v Joint capacity parameter governing operational paths Combinatorics
) Zero-adjunction element Combinatorics
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star-like semigroup generated by a single element
B* = b. The index set Dg- governing the generator
iterates By is defined as the finite subset of natural
numbers:

Dg- ={1,2,...m+p—1} c N7,

where, m =1 denotes the index and p =1
denote the period. The algebraic structure
CyPwy = {B",:k € Dg-} under the operational
concatenation () is isomorphic to the additive
integer semigroup (N*,.p +mp). Here, the
underlying set is

N+r1‘l,p :{1,2, e, M+ p— I},

and the binary operation N¥,,, is defined by

i+ ],
m + ((i + j — m)modp,

. . ifi+j<m+p
H”’“’J’_{ if i+j=m+p
under the isomorphism mapping ¢: ", — k.

Example 1: Let Pw, = {b,b? b3 b*} be a finite
monogenic semigroup generated by B~ subject
to B° = B3. Here, the index is M = 3, the period
is p=2, and the kernel Kg+ = b* b* forms.a
subsemigroup that is not a group (lacking an identity
element for all elements of Pwy ), distinguishing
it from a standard cyclic group.-The'operational
behavior of Pw,, is explicitly.illustrated-in Table 2.

Definition 2 (Cyclicpoid ~ Class) [19]: Let
Gey € CyPwnibe a non-eémpty set equipped with a
single- valued unary operation (1) : Gey = Gey
and a | partial” binary operation () : D — Gy,
where D € G, X G¢y, represents the domain of
defined star-like composable pairs (@, f”). The
structure (Gey, * —1) forms an inverse cyclicpoid if
it satisfies the following explicit axioms for all star-
like composable transformations @, ", ¥ " € G¢y:

Table 2. Cayley Table of the Finite Star-like Monogenic
Semigroup.

B (Pw;,) b b? b?
b b2 b3 b*
b? b3 b* b3
b3 b* b3 b*
b* b3 b* b3

(i) Partial associativity:

(@"-B")-y"=a” - (B y”)whenever either side
is defined.

(i1) Regular inversion identities: For every ™ € GZy,
the single-valued image. a '* € GZ, satisfies
a' eV =a anda ¥V -aat = a .

(iii) Commutative idempotents: For all star-like
idempotents e” , f* € E(GS,), where:

E(G5) ={x”,x’1”:xE Gg'y}, e’ - fT=f"-e".
(iv) Operational inversion duality: For any star-like
composable transformation pair (@, ") € D, the
anti homomorphic involution law holds strictly:

((Z* .ﬁ*)—l — ﬁ-:v—l . l_x-:v—l.

Definition 3 (Semigroup with Adjoined Zero): Let
(Pwn, *) be a finite monogenic star-like semigroup.
If Pw, contains a transformation-@ € Pwy, such
that 0+ x = x, and @ = O for all x € Pw,,, then @
is the unique partial element of the semigroup. If
no such absorbing element exists, a unique partial
element denoted’bv @ 'is formally adjoined to create
Pw, = Pwy U {0} subject to explicit operation
rules:@-a” =a" - @ =0 for all @* € Pw;,’. This
explicit_adjunction guarantees that p¢,*° forms
a 'semigroup with a uniquely defined absorbing
partial (zero) transformation.

Definition 4 (Transformation Image and Annihilator
Subsemigroups): Let Pw;‘io be a finite star-like
monogenic semigroup with adjoined zero element
@. For a given transformation element @ € Pwy,
(i) The Range (Image Set) is defined as:

Im(a”)={B"-a" - B € Pw,’} € Pw;;°
(i1) The Right Annihilator Set is defined as:
Ann,(a7) = {u" € Pw,’:u'-a" = 0}.

Lemma 1: Let Pw,;° be a finite star-like monogenic
semigroup, then the right annihilator set Ann,.(a*)
forms a valid subsemigroup Ne* of P;° .

Proof. Let u*,v" € Ann,(a”). By definition,
ura*=0 and v -a” =0. Utilizing the
associativity of Pw;"l'o and the absorbing property
of @ established in Definition 3 gives

W v)a=u--@-a)=u"0=0.

Thus, u* - v* € Ann,-(a”). Therefore, Ann,-(a”) is
closed under multiplication and constitutes a formal
subsemigroup Ny € Pw;’.

Definition 5: Let G;, = {a"x:k € Dg-} be a
finite cyclicpoid where each transformation
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a‘y is indexed by ki€ Dg-<NT. Let
W ={wy,ws,..,wp} € Dg- be a sequence of
reference indices for i € {1,2,..,n—1}. The
structure G¢y satisfies the star-like index bounding
condition if the integer index distances within the
domain (N*, || ) obey:

la” ki = wisq| = la” kivy —wil,

foralli € {1,2,...,n — 1}. Because k;, w; represent
natural numbers in Dg-, operational invariance under
semigroup composition @'k, A"y =@’ kimp T
follows directly from the monotonicity of modular
index addition +,, ;, defined on Dg-.

Definition 6 (Matrix Transformation Semigroup):
Let M,(R) be the set of n X n real matrices. The
star-like matrix subsemigroup M* generated by
a matrix A" € M,(R) is defined strictly under
the binary operation of matrix composition/
multiplication (): M* = < 4" >= {(4")*: k € Dg-}. The
algebraic structure (M”, *) forms a multiplicative
subsemigroup of (Mn(R), -). While M” resides
within the vector space Mp(R), M* itself is not
required or claimed to be closed under vector
addition or scalar multiplication. All semigroup
properties, identities, and annihilators defined-on
M "are governed solely by matrix multiplication.

Definition 7: Let B € CyPwy, bea spinnable star-
like transformation semigroup on space V then;

(i) Collapseindex (" )isdefined as the codimension
of the non-invertible transient kernel under P
denoted by-q*(8*) = n—|Im(B)"| representing
the net state condensation as transformations paths
collapse.

(i) Relapse index 7" (f")is defined as the
minimal recurrence period required for a collapsed
transformation to re-enter a structural cycle head,
denoted by:

r* (B7) = minf{k = 1 B (x) € Cycl(B*) forall x € v}

These indices serve as structural parameters
evaluated by the star-like operational lower and
upper combinatorial functions in Theorems 5 and 6.

3. RESULTS AND DISCUSSION

The analytical and geometric outputs generated by
the star-like partial cyclic semigroup CyPw, are
thoroughly examined in this section. We investigate
the algebraic partitions, structural constraints,
and operational behaviors of the cyclicpoid class
Géy under different composition lengths. These

results are arranged into two main dimensions to
guarantee structural clarity: the geometric partition
bounds and recursive formulations represented by
directional path configurations and the algebraic
characterization of cyclicpoid classes via index,
period, and kernel properties. We explicitly show
how our model manages multi-directional structural
flows over finite spaces by framing our results
inside these real parameters.

3.1. The f(n, Cwa;",) Transformation’s Star-
like Generated Functions

Assume that Z, ={1,2,3,...} is the non-
degenerated star-like number. Then, if is an
ordered, composed matrix of the star-like structure,
we have:

azn - D ({IE?I

Vip—n:v €V’ (M
M*:v" > v"in X n,

‘Cypw:i‘ =

such that:

(vi-,l‘ vj.,l ‘vk,l) (vi',w vj',n ’ vk,n)
M = E ", E »
(vi.,.w vj.,.n ’ v!;‘:,n) (v?i,na Vnn s v?i,n)

with i,j,k € I(a;), mxm e M",andv" € V".
Thus, a star-like composed matrix is a set m € M*
with the operations “+” and “-” by real numbers
in which the operations must produce star-like
composed matrices, such that the following are
true:

(i) If a”, B are composed matrices in M* then,
a” + B* is a matrix in M".

(ii) If @"is a composed matrix in M * and c is a scalar
in R then, ca®is a composed matrix in M*.
Assume

UT*(x,n) = Zafijfnj = Maxfj(ix +jn+ “U)' 2)
ij

that a tropical polynomial of degree 4 in two
variables is a star-like function. In each term of
the polynomial, i and j are infegers that fulfill
i +j=d and range from 0 o do, By using the
operations " +" and "." by real numbers on the
star-like composition matrices m € M*, we get the
tropical characterization of star-like transformation
Cwa;; semigroups:

Example 2: Consider the 3x3 star-like
transformation matrix M “evaluated over the max-
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plus algebra (R U {—oo}, max, +).

0 2 3 _ _
M =|-c 0 1], M* € CyPwp
4 —oo 0
Compute

f(a;) = max {3a;,2a; +2,2a; + 3,a; +5,7}
Such that

3a; = 2a; +2 = a; =2,
20 +3 =a; +5 = a; =2,
ai +5=7 = a; =2

Since the tropical characteristic polynomial of M~
is given by: Prnax (}'y) = dettrop(}'* 10 Mﬂ)
Then, evaluating the max-plus power expansions
yields a piecewise linear convex function Ppqy (¥ ©).
The non-smooth corner points (breakpoints) of
Prnax (¥") where at least two affine-linear terms
coincide define the max-plus eigenvalues. For
the specific structural matrix M~ in this example,
equating two coinciding star-like affine-linear
transformations yields the dominant root a; * = 2.
In general max-plus systems, characteristic
polynomials admit a spectrum of multiple break
points and root multiplicities; uniqueness in this
instance is an algebraic property -of jthe specific
cyclicpoid structure under study rather than a
general tropical principle.

This establishes thetole of tropical values in
evaluating semigroup components. The algebraic
constraints and structural features calculated here
aim to address a particular drawback of conventional
finite transformation semigroup models, namely the
incapacity to translate dynamic changes across non-
linear composition orbits, in order to contextualize
these results within earlier work. Our model
circumvents the strict boundary constraints included
in conventional, static transformation mappings by
analyzing the behaviors of the star-like partial cyclic
semigroup. Thus, these results elaborate on how
tropical algebraic restrictions directly determine the
structural constraints and product lengths within
constructed star-like transformations, building on
the fundamental features addressed by Usamot
et al. [9] and Ibrahim et al. [11]. This makes it
possible to map algebraic partitions directly to the
cyclicpoid classes’ underlying structural stability.
Additionally, our approach offers an alternate
method for defining algebraic partitions, whereas

the conventional rankings and transformation
metrics developed by Howie [14] and Garba
[13] mostly concentrate on linear chains. In a
similar vein, this framework extends the nilpotent
sequence limits studied by Kachalla and Madu
[22] and the structural parameter approaches used
by Umar [21], providing a more direct mapping
of algebraic partitions to the underlying structural
stability of the cyclicpoid classes without running
into the boundary constraints present in standard
partial transformations. In addition to the particular
isometry bounds covered by Ali et al. [12], this
allows a robust classification.

Lemma 2: Let P wﬁ'o be a finite star-like
transformation semigroup adjoined with zero
element (partial) @ , and let M* € My, (Rppqy) be a
matrix generator of Pw;’io. Then, for any ;" € R,
star-like tropical root corfesponding to Pmax (¥),
its local tropical multiplicity given as:

ula;* ) =k; —ky €{1,2,...,n} where iy, k, €{0,1,...,n},

with<k; < ky-are degree of ¥ in the dominant
affine-linear transformations of Ppq (¥ ).

Proof. Suppose M™ € My(Rpax) be a matrix
generator of Pw;’l'o. Define the star-like tropical
characteristic ~ polynomial  Ppax (¥*)  over

=0,
n
(Z 1@ M”)f,ow)-
j=1

permutations ¢ € Pwy,
From Equation (1), tropical star-like transformations
was generated:

@
Poax (¥) = dettrup(]"ﬂ T@M)=

+0
Pwy

x2 (@1 Qp Qg3
a = x| 0z Qp o3
(33 O3z (33

_ x2 ﬁ;l ﬁfz ﬁfg
ﬁ¥ = X 351 352 353
1 \Ba1 Pz Paa

X2 (Vi1 Yz i3
Y’ =x (Y21 Y2 Y2z
1\¥s1 Ya2 Yasz/
Then, using Equation (2)

—

, and

_ o4 s . . . . . . .
Torry = eqnX™ +agy +a3)x0® + (agy + gy + ag)x” + (5 + ag)x + @y,
Tpry = Biix* iz + B21)x* + (Bis + Bap + Ba1)x? + (B2 + Baz)x + fag
Ty = Vit v Fr)x® + (s vss Fy3 )Xt (v Fvs)x by

Was used to obtain a point wise maximum over a
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finite collection of affine-linear transformations:
Prax (}’H) =0 s}?gﬁ (k }’* + Ck)a ck €ER U {—m},

wheretheintegercoefficientk € {0,1,...,n}denotes
the degree of ¥~ and ¢ represents the maximum
weight contribution from M* for transformations of
degree k. Since Pypax (¥ *)isthe point wise maximum
of finitely many affine-linear transformations, we
observed that for¥" € (@;" — € a;"), Ppax (¥ )is
strictly dominated by a single affine transformation
under k,;y*+ ck; with degree ki € {0,1,...,n}
and for y" € (Bi" — € B:i"), Ppax (¥*) transitions
to a distinct dominant affine transformation
under kyy* + ck, with degree k2 € {0,1,...,n}
. But at the boundary root, y* = a;" , such that
kia;* +cky = kof;” +cky. By the star-like
convexity of the point wise maximum, the degree of
the dominant transformation must strictly increase
across the breakpoints giving k; < k; to obtain
the tropical root multiplicity u(a;”) = ks — kg
Thus, if k; < kplwith kg, k, € {0,1,...,n},
ula;i®)y =k, —k; 1is well define integer in
{1,2,...,n}. Therefore, the active transformation
constants cky, ck, depend directly on the on the
entries of the semigroup generator M* € My, (R ax)
where u(a;* ) is local to a;* varies across different
cyclicpoid matrix composition.

Lemma 3: Let (R,q., @, ®) denote” the max-
plus semiring where a*@® f* = max(a”, f*) and
a*'@ B =a” +p "+ Let M™ € My (Rppey) be an
idempotent _star-like , matrix satisfying M QM*
=M".If v € R"\ {—}" is a nontrivial tropical
eigen vector satisfying M'@v = y"®@v for
Yy €ERjtheny” = 0.

Proof. Suppose M* € My (Ryqx) is an idempotent
star-like matrix. If M*admits a tropical eigenvalue
v* € R with associated no-trivial eigenvector
V. Consider a finitely many star-like matrices

n—1 n—2 x n—-n 1

x x

xm1 fkin ko kiz o kan

M} = x::i im izz kas  kop
X 31 32 kgg kzn

1 knl knz kng k?m

Then, applying M; to both sides of the eigenvalue
equation and apply partial associativity (i) in
Definition 2 yields

M;'®M"@v) = M"®(y'®v)=y'®M; ®v) =y'® ®v) = (2 )®v .
Bystar-likematrixidempotency (M;"®M;" = M;"),

such that _
M;®@M;")®@v=M;®v=yQuv.

Equating both sides gives 2y )@ v = y " ® v.
Since, v is non-trivial, there exists at least one
component k € {0,1,...,n} such that vy # —oo.

Therefore, 2y +vg=y" +v , implies
2y =y =0.
Lemma 4: Let (A" ,B* € Mn(]]%mm)) matrix

representations of star-like compositions over the
max-plus semiring (R U {—eco}, max, +) such that
trt?‘op(M*) = :1=1 ML'! 1= }nsaﬁ Ml‘:!- Then,

(i)  treop(AT) = trirep(B) if and only
max ® max ®
l1=i=n i~ 1=i=n i

(ii) treop (A"® B”) = tryop(B @ A"), for any two
star-like composition matrices A*,B" € Mp(Rygx)-
Proof.

(i) Assume A%;<B%; for all 1<ij=n
is limited to the diagonal structures of star-like
composed matrices. Then, A";; < B¥;;, for each
i € {1,...,n} . Taking the maximum yields:

max E

trop(A7) = 1<ien A'ii < 1<0en B'ii = trgep(BY).

(ii),By definition, (A*® B*);; = X1_,( A" @ B'j;)
max . .
= (A" ®B";)

1=j=n

Evaluating the traces yields:

. . max max. _
trerop(A"® BY) = ( (AT + B’)
tmp( ) i ls;sn( i u)
T 1si jsn(A i+ B7ii)
Similarly,

max

troop(B' @A) = | (Bt A'j),

Example 3: Consider the entry wise ordered max-
plus matrices A < B* < C” such that

oG w-( Y €

By Lemma 2, we obtain

trerop(47) = max {0,2} = 2,
trtrop(B*) = max {1,2} = 2,
trtrop(C7) = max {2,4} = 4.

Obviously, for B* = C* the star-like diagonal holds
strictly since trerqp(B*) = 2 < 4. Therefore, the
monotonicity increases as the diagonal entries
increase.
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3.2 The Cyclicpoid Class G, of f(n, C,Pw;,)

Let {U; : i € I} (with I # 0) be a star-like partial
semigroup of Cy,Pwy, and let @ = I =N;_; U; be
a star-like subsemigroup of CyPw,. When B is
a non-empty star-like cyclicpoid transformation
of CyPw,, then 7, (CyPwy, itself), is contained
in at least one subsemigroup of CyPwy. (B7)
is the singleton element {f°} € CyPw, that
generates the intersection of all star-like cyclicpoid
subsemigroups of CyPw;, containing B*. Two
transformation options are available for (8°). {B")
has thellowing element:{8*, B2*, 3%, . . .}.

()™ =B >m=p B SfGED
(i) If U" is a subsemigroup of CyPwy
containing B* then (B")=U; for each
JEILLAMm=p: p™ = pP".

In the former instance, (8*) is isomorphic to the
natural numberaddition. Inthis situation, the element
(B") is said to have infinite order, and (") is an
infinite star-like cyclicpoid transformation. Assume
that in the latter case, there are two smallest positive
integers m and p (the star-like index and star-like
period of any given cyclicpoid transformation in
CyPwy) such that B™* = B** for some positive
integer x #m and that g™* = gUn+P)* We
can also discuss the subsemigroup -of C,Pwy
produced B* by, which - will always contain at least
one idempotent set:if Cy,Pwy is a monoid. Since
m + p — 1 is-the definition of the order of §*, the
star-like period and the star-like index must meet
the following axioms:

(i) ﬁmv _ ﬁ(m+p)*

(i) pUm+0* = p(M+¥)* if and only if

m+x =m + y(mod p)

(i) (") = (™", 6%, 6%, . . .fOmP=1))

(iV) Kﬁ* — {ﬁin*;ﬁ(in+1)?;ﬁ(in+2)*; L (m+p—1)= ,
where Kp- is called the star like kernel of (B*) and
it is cyclicpoid.

The structure of the star-like CyPwy
cyclicpoid semigroups is determined by the pair
(m,p). This is represented as CyPw,(m,p), such
that CyPwy (1, p) is the cyclicpoid of order p. The
novel class of transformation CyPwy semigroups
is a promising class of results that can be utilized
to demonstrate interesting and practical results to
connect discrete mathematics with real analysis,
among other pure mathematical fields of study.

Lemma 5: Let pg:° be a finite star-like
transformation semigroup adjoined with zero
clement (partial) @ . Let 7 f*€Pw;’be a
transformation with active non-zero domain
I(f*) = Dom(f*)\ {0}. An element f* € Pw;,’
belongs to the cyclicpoid class G¢, of order
m = |I(f*)|> 1 if and only if f~ satisfies the
following axioms:

(i) f*(0) = Oand f*(¢") # Oforall{*€ I(f")
(i) (@) = f' ) =, =7, forall ¢y,
¢, €10 e

(i) v(@) =m for all TEIf) where
v(¢) = minfk=1: f5C) = ¢}

Proof.  Suppose f* is a cyclicpoid_generator of
order m in G;y,. By definition of ‘eycliepoids in
star-like semigroup, f* acts“as a single cyclic
shift on the active non-zero transformation I(f ™)
around the disk point. Set I = {0,...,n}, where 0
represent the adjeined star-like diskpoint such that
I(f*) = Dom(f")\{0} denote the active non-zero
indexset. Thus; f*(0) = 0.Now,foreach{" € I(f")
et v(T) =min{k = 1: f¥({*) ="} denote
the orbital period of (*. This directly implies
injectivity on I(f") implies {* € I(f*) belong to
a single closed orbit of exact length m = |[I(f "),
with local orbit length at v({") =m| < f* > - 7|
& Conversely, assume (i) — (iii) hold.
c1((") =1 are exluded since ¢; (1) = ¢ (2) =1
voilates injectivity for |I(f*) > 1|. (iii) ensures that
f7 does not break into the isolated star-like fixed
points but instead cyclically permutes all in active
state in I(f ") with minimal period m. Therefore,
f " generates a cyclicpoid structure of order m over
I(f*) U {0}. This was illustrated in Figure 1:

ﬁll‘ ' ;9127

133 B

1334' . ﬂli;-'

B B
3135' '3121
‘8!36 3121
-ﬂ-lnuz L] Blzﬂ
B‘”T 3119'

o N
B \*‘ s p1is’

ﬂl“lﬁuz‘ﬁIS"ﬂ.ﬁ‘f 3115-

Fig. 1. Star-like cyclic group (Ggy (CE))
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This digraph represents the structural architecture
of a cyclic cyclicpoid class where the group of f* is
strictly cyclic. The configuration is defined by the
transformation of the set a” \I(f ) under the action
of the star-like partial cyclic framework. It serves as
a primary model for proving that in star-like cyclic
structures, the kernel size is directly equivalent to
the minimal length of the product decomposition of
the transformation in to idempotents. The presence
of fixed points stabilizes the orbit and reduces the
maximal product length.

Proposition 1: Let pg,:© be a finite star-like

transformation semigroup over the max-plus
semiring (R,pqyr, @, ®)Wwith adjoined zero element
0= —wandv = 0. If v € R" is a star-like vector,
then;

Ho0O®v=0

(ii)) For any finite scalar ¢€R and
VER" Jaxr Q=0 1v=0

Proof.

(1) By definition of tropical
scalar-vector multiplication,

0®v)i=c®v;=—0w+v;=—c0=0. For
eachi €{1,...,n},c®@v = 0.

(i1) If v = 0, applying (i) yield ¢ @ 0 = 0. Assume
c®v =0 for ¢ € R. Evaluated component wise

we have ¢ +v; = —oo for all 1 =i =<n,Since
c € R is a finite scalar, subtracting c~from both
sides gives v; = —oo — ¢ = —oo = ;. Therefore,
v=0.

Example 4: Let V € R?,,,,, with adjoined zero
vector 0 = () - Consider v = (3) .Then, scaling by
0= —coglVeo®v=—-o® (= 1 i’) =(Z2) =o.
_ 3 2 + 3 5
Lete =2, then,c@v=2(3)=(; 1 7)=()=o.
Using Lemma 5, and (ii) of Definition 4, we
established that ¢ @ v equals 0 if and only if v = 0.

Hence, finite max plus does not annihilate non-zero
condition vectors.

Theoreml: Let 1=p=n—-1 and Ilet
the kernel operator Kg+ (CyPwy) =96
. satisfy the cardinal relation
Kg- (CyPwy) = 96 = m(C,Puwy) +p(GZy) — 138 +59 —1=96
within the cyclipoid class sytructure on Pwy (m, p)
. Suppose the following hypotheses holds:
(Hy):rank (B*) =n—1, where B is a non-
permutation transformation satisfy rank restriction.
(H,): The star-like orbital adjacency relation

Ro on X = [0] gefined ! € {Ro,j} if and only

ifp,m = 0:i\B*" = j\B"? is taken under its
reflexive, symmetric, and transitive star-like path
connected closure R*. (H3): {* € CyPw,_; act as
a rank preserving idempotent operator. Then, there
exists ;By € Pw:l(m, p+1) and Cy € Cva:;_—l such
that each transformation in Pwy, (m,p — 1) can be
expressed as a product of idempotent element in
CyPw, _, givenas B = {"f".

Proof. Suppose Gey € CyPawy. Let B be star-
like transformation and ¢* € CyPw, _; be its
idempotent decomposition factor over the finite
domain X = [n]. Consider the star-like explicit
functional transformations

ﬁ"=( [;? ];VZz l[/,ig ?ll:: I?:P’ ),b[g [, ¢* _< 3{1’, ) €CyPwy_y .

Evaluating the cardinal ‘base ~ capacity
m(CyPw;) = 38 and cyclic subclass p(GZ,) = 59
yields: Kp+ (CyPwy) = 96, which anchors the
operational transformation across the cyclicpoid
categorization \as.-illustrated in Figure 1. To
establish.\ that’ connected transformations in
[B* = (V,E) define true equivalence classes, then
evaluate the algebraic closure of the orbit relation
Ro on — [n], foranyi € X, p =0, m =0 gives
if® = i = i = iR" i.Then,iR" jimpliesthere
are p,m = 0:i"P = jB"™ which symmetrically
yields jp*™ = iB*P. Extending to the symmetric
edge relation Rs gives iR;j «» (i,j) € E. Thus,
the transitive closure Ry =Up_; RS* guarantees
that star-like path concatenation P, (i,j) - Py(j, k)
establishes transitivity: iRrj and jR"k = iR"k.
By (H3), the quotient space X/R partitions [ into
connected components bijectively matching G/,
1X /R|=p(Gsy) =59.

Under Hypothesis (H;), rank () =n — 1
, satisfying Howie’s [14] condition for idempotent
generation in singular transformation semigroup.
Applying Hypothesis (Hz), we see that the
idempotent decomposition factor is a rank
preserving idempotent operator { 2= ¢" acting on
the sub class structure. Thus, star-like composition
with {* leaves the digraphs domain invariants,
then rank ({"f")=rank({")=<n — 1. The
compositional power chains across transformation
spaces are governed by

BP<Kp<Gy<10< P po-p> <1< pape b, 3)

Evaluating across the specific cyclicpoid sub
classes yields:
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Tricyclic constraint class: ($2)? < 18 as seen
in Figure 2. This digraph displays the architecture
of a tricyclic cyclicpoid class within the star-like
transformation semigroup C,Pw,. The category
is characterized by Equation (1) where v*denotes
the number of star-like joints. The Figure 2 was
used to visualizes the algebraic bound in Equation
(5), establishing that for this category, the star-
like period B8 satisfies ( £2)? < 18. We used the
Figure 2 to establish that even complex tricyclic
transformations can be decomposed into a product
of simpler star-like idempotent elements within the
partial cyclic framework.

Polycyclic constraint class:  (f4)? < 24
as seen in Figure 3. This digraph illustrates the
structural architecture of a polycyclic cyclicpoid
class within the star-like transformation semigroup
CyPwy,. Figure 3 characterizes the quantity of
star-like idempotent products derived from the
relationship in Equation (3), where m and p represent
the star-like index and period, respectively. The
configuration demonstrates the spinnable nature
of the class, bounded by Equation (3) and serves
to visualize the equivalence between kernel size,
product decomposition lengths, and transformation
behavior in higher-order polycyclic_structures. A
visual representation of how theperiodicity value
of B” interacts with the star-like index to define
the group’s boundariesis presented in Figure 3. It
specifically models the polycyclic category products
in G¢y, showing how these transformations can be
expressed as.a product of idempotents in C,Pw, _;.

58° 361 67 B'J"U 373
B n

%ﬂ N M

60' ﬂ63 366 369 ﬁTZ ﬁ?S'

Fig. 2. Star-like tricyclic group (G:y (Tc*))
77 ﬁﬂ[l ﬁﬂs ﬂs-'. ﬂBB ﬁ')t 592 ﬁ96 99°
:‘FUBS: D C 930ﬁ
B79 381 ﬁaz 535 ﬂ89 390 i ﬁQ? ﬂ?ﬁ
Fig. 3. Star-like polycyclic group (GE'J,(PC*)).

Acyclic constraint class: ( f2)? < 6 as seen
in Figure 4. This digraph represents the structural
configuration of an acyclic cyclicpoid class where
the group of B* is trivial. This contraint class is
defined by the unique element x1 be the unique
elementin a"\I( 8*),where a" = {x{,x5 ,...x5}.
Figure 1, illustrates the idempotent product property
in Cy,Pwy_; , characterized by the numerical
relationship in Equation (3). This visualization
confirms the algebraic bound in Equation (4),
establishing that the transformation is a product
of idempotents within the star-like partial cyclic
framework. For the acyclic category, we derive the
specific bound ( °)? < 20 was derived. Also, the
Figure 1 aids in identifying the kernel Kg-, which is
defined as the set of elements within the'cyclicpoid
class that return to themselves after P iterations
(wherep > 1). Thisacyclic categoryserves as a base
case for the more complex tricyclic and polycyclic
structures, demonstrating how star-like cyclicpoid
classes can be ‘categorized based on their group
properties. Because rank(f") < n, ¢ satisfies sub
chain invariance. By (H3), star-like transformation
guarantees that [* factors into a product of
idempotents (" = ¢*, .. {7, € CyPw,_4
, satisfying B* =¢* B*. Consequently, every
transformation in Pw, (m,p — 1) is expressible as
a product of idempotent elements in Cy,Pw, _;.

Remark 1: Let m(C,Pw;) = 34, p(Gzy) = 59
, ylelding Kg- =38 +59 —1=96 . For any
B" € CyPw, with rank( ) = 3 < 3(H,) ,taking
the transitive path closure Ry(H;) partitions the
orbits space into exactly |X / Ry| = 59 connected
transformations. Applying the rank-preserving
idempotents (" € Cy,Pw; (H3) under the tricyclic
constraint ( $*)2 < 18 completes the factor identity

v:(w ﬁvl

=

42 544 ﬁ46 ﬂ’rﬂ BSIJ ﬂSZ ﬁsfl HSG‘

DTN

BH 30 gl i3’ pao’ po7' 55" g ST B

Fig. 4. Star-like acyclic group (Gg-y ( AE))-
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33 A Class of Spinnable Combinatorial
Functions in f (n, C wa;",v) that are Cyclicpoid

This  section presents the combinatorial
characterization of the star-like sequences of G¢y in
the star-like finite chain transformation semigroup.
Building directly on the path-connected equivalence
partition X/R established under hypothesis (Hz) of
Theorem 1, we now evaluate the global cardinality
of the resulting spinnable star-like transformation
classes S(Pw,) when the orbital components
exhibit uniform cyclic periodicity p.

Theorem 2: Let X/R be the equivalence partition
of Pw, under Hypothesis (H) of Theorem 1, with
base capacity m = |X/R|—p+ 1 €Z and cyclic
class periodicity p € Z. If the structural parameter
pair (m, p) satisfies the cyclic divisibility condition
pm2, then the cardinality of the spinnable class
S(Pw;) is a well-defined integer given by

2 2
ISPl =" =""+1€7"

Proof. From Theorem 1, Hypothesis (Hz)
guarantees that the equivalence closure R partitions
the transformation orbit space into |X/R| disjoint
connected components. Under the admissibility
constraint p | m?, the total number of fon-trivial
condition transitors across these. components is
divisible by the cyclic periodicity p. Thus, there
exists a positive integer<k = 1 such that m? = kp.
Substituting m? = kp* ,into  the cardinality
expression yields: [S(Pw;)| = k”—;” = @ =k +1.
Since 'k € Z+, k+1€Z*. Therefore, p|m*
ensures.both algebraic consistency and integrality
for the connectivity measure of S(Pw,).

Example 5: Consider the semigroup Pw;
on X" =[4]. Then, apply Theorem 2, using
partition parameters established in Theorem 1 for
Pwi(X/R) = 5,p = 19 such that

m=|X/Rl—p+1=59—-19+1=38

Then, m* = 382 = 1444, Since, 1444 19 = 76,

plm?>  holds with K =76  Therefore,

IS(Pw?)| :%H:%H =77 € T+.

Hence, the parameters inherited from Theoreml
automatically satisfy p|m? and yield a valid integer
cardinality. For the cyclopoid transformation
class f(n,CyPwy,), let Fy:Pw; = Pwy_, denote

the canonical rank-reducing folding operator
that contracts v defect elements onto the core
equivalence closure R. Let v*: Pw;, — Z* be
the joint valuation function mapping cyclopoid
transformation orbits to their active-domain
capacities, and let G, (H.) < Z*denote the cyclic
stabilizer subgroup acting on the core component
H. € X/R.

Lemma 6: Let F,:S(Pw;,) = S(Pwy_,) be the
star-like folding operator defined by constructing v
defect elements D € X onto the equivalence closure
R, where |D| =v and 0 < v. Then F, induces a
well-defined bijection between S,(Pw,,) and the
product space (*/F)x 0,_,, where 0,,_,, is the set
of invariant orbit classes of size n — v".

Proof. Let a’, B* € Sy,(Pwy)ber such that
F,(a”) = F,(f"). Since F, " restricts star-like
transformations to their non-singular active domain
X\D while fixing contracted defect components
identically on RyFy(a”) = F,(8") = a'|xp= ']

anda*‘DZﬁ"‘ x\D

D

Thus a” = fB*, suppose there exists another
star-like transformation ¥ ‘being a target class
y* € S(Pwp_y) and choice of v defect positions
De (X‘/,R). Construct & € PW,;" by setting

a’(x)=y"(x) (xeX\D),a"(x) =R(x) (x€D).

To show that S,(Pw,, ) is surjective, consfruct
a” € Sy(Pwy,), then F,(a*)=y* .Thus fv is
surjective.

Theorem 3: Let Pw, be a star-like transformation
semigroup  satisfying hypothesis (H,) of
Theorem 1 and the cyclic divisibility condition
p|m? of Theorem 2, where m = |X/R|—p+1
. For any defect function v € Z in the admissible

domain 0 =< v <min{n,m}, the cardinality
of the wv-folded -cyclicpoid spinnable class
Sy(Pwy) © f(n,CyPw; ) under the joint

valuation v* is given by

Y 'DH(PCIJ;;) [ls(Pw*n)HGc (Hc)l .
1S, (Pap)] = (7 1 on)) [ Pt
where |S(Pw;)] :% +1 is the total spinnable
class cardinality established in Theorem 2, and

v*(Pwy) = m".

Proof. By Hypothesis (Hz) of Theorem 1, the
equivalence closure R partitions the transformation
semigroup Pw, into disjoint equivalence
components X /R, establishing a well-defined
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base capacity m = X/R —p + 1. Applying the
joint valuation function v* to Pw, within the
cyclicpoid framework f (1, CyPw,) yields the
effective capacity value (Pwy)v™ =m. Under
the rank-reducing star-like folding operator F,
as established in Lemma 6, precisely v defect
functions are contracted onto the core equivalence
closure R, leaving n—v active target conditions.
By Lemma 6, the number of distinct choices for
the v contracted star-like defect positions from the
available capacity functions evaluated by v* (Pwy,)
is given by (*"%“»)) = ("*). Because the parameter
domain is strictly restricted to 0 < v < min{n,m}
, this factor is guaranteed to be a well-defined,
non-zero positive integer. By Theorem 2, the total
cardinality of the unfolded spinnable star-like class
is given by IS(Pw;)| = % + 1, guaranteed to be
an integer under the cyclic divisibility constraint
p|m®. Each core component H, € X/R possesses
local cyclic symmetries governed by the stabilizer
subgroup G¢,(H;) < Z,. Hence, the cyclopoid
class is given by:

S(Pwy)I|GE, (HY)| (4)

The folding operator F, restricts Equation (2)
across the m — v remaining active non-singular
target cores under a period p action. The resulting
quotient %)&a\ ,~represents” the exact
weighted density of invariant cyclopoid orbits per
active vertex. Because v <n, n — v = 1 is strictly
positive, sinee) Ccy(Hc)‘ =1 and |S(PN,; )| = 1.
The proof is complete.

Example 7: Consider

f(4,Gwa,’;)=G o3 ;ﬁ).eS(Pwﬁ)

n=4,v<m=380:0<v=1<n.

The active domain sizeis,n —v =4 —1 =3 = 0.
Then, v*(Pw; )= m = 38. For the maximal
cyclic action on the core He, |Gy (H,)| = p = 19.
Therefore,

(70) - () -0

v

To obtain the cardinality of the v star-like folded
cyclopoid spinnable star-like class, substitute the

values:
IS(PwZ')I\G.:y(Hc)\] | 17 x19 |- [Z] s
p(n —v) 194 - 1) 3 '

Hence, |S,(Pw; )| = 38 x 25 = 950.

Lemma 7: Let B,",8," € f(n,C,Pw,)be spinnable
star-like transformations satisfying hypothesis (H>)
of Theorem1.If §; and B share the same image rank
q = |Im(B: )| = [Im(B,")| and bonding index
parameter ¥ = |I(By )| + 1= I|I(B;")] + 1 then,
their generated subsemigroups (f;") and {f,")
are equivalently isomorphic as transformation
semigroups.

Proof. Suppose |I(f* )| = r — 1, thejoint pair(q, )
gives a unique point structure (g —r + 1, r — 1)
consisting of g —r + 1 cyclic components and
r — 1 bondingcomponents in X /R under hypothesis
(H3) of Theorem 1. (Z,,") is transitive and uniform
with local stabilizers G¢, (H.). Beeause the cycle
length of the orbits is uniformly constrained by p
and Giy (Hc), any two<B; B2 € f(n, Cwa;"l')
have same vector! (g,r) of transformation
semigroup isomorphism.

Theorem 4: Let Pw,; be a star-like transformation
semigroup satisfying Theorems 1, 2, and 3, with base
domain capacity m = |X/R|—p+1 and cyclic
periodicity p. For any spinnable transformation
B* € f(n, {/Pwy) characterized by rank
q = [Im(B7)| and boundary index r = [I(f*)] + 1,
for admissible domain 1<r<gq<m, the
cardinality of |Sg,(P@y)| is uniquely determined
by the joint partition invariant vector (g, ) given

ol - (7))

‘Sq,r (P w::)
where |S(Pwy)| = % + 1 is the total spinnable
class established in Theorem 2.

|S(Pawy )|
plg—7+1)

]

Proof. By Lemma 7, the joint invariant vector
(g.7) uniquely specifies the partition structure
(g —r + 1,r — 1) up to transformation semigroup
isomorphism. Selecting q active image components
out of the ™ available in X/R yields () domain
choices, with boundary structure (,%,). By
Theorem 1 (H3), the remaining ¢ — r + 1 act as

cyclic under p. From Theorem 2, |S(Pwy,)| yields
lS(Pwn)| |

p(g-r+1)

Since 1 <r < q < m, the denominator satisfies
q—7+1=1, so the quotient is well-defined.
Hence the stated cardinality formula follows.
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Example 8: Consider 8" = (11 5 §’ ;) € Puwy
with m =38, =19 |S(Pw;)| = 77. Evaluate
the rank ¢ = 3|[Im(B*)| and r = 2|I(f")| = 1.
Then, we see that

1<r=2<qg=3<m<38,
q-r+1=3-2+1=2=1

Indicating two cyclic and one boundary.
Thus, (?::) = (338) — 38x37x35 _ g436, and

3+2+1

(%) = () - = gives

IS(PN;)| _[ 77 _[77 _,
p(g—r+1)] Ll1oxz2l [38]
Therefore, |S32(Pwy)| = 50 616.

Theorem 5: Let ” € C,Pw, be a spinnable
transformation within a star-like cyclicpoid
class over the classified digraph taxonomy
G € {A., T, H:} representing Acyclic, Tricyclic,
and Hexcyclic, categories, respectively. Assume
CyPwy satisfies the centralizer action axiom: for
all star-like transformations ¢; € CyPwy, and
structural generators T € G¢y, @° * T =T ¢ Then:
(i) The generated subsemigoup (CyPwy); under
map composition is commutative.

(ii) The spinnable class operator AGc, satisfies
m(C'wa;;) + p(Cwa;}) < AGgy, evaluated
across digraph structural classes. via: lowetr and
upper combinatorial functions f (n, Cwa;’;) and

f(n Gey).

Proof. Suppose every star-like
transformation @;" € CyPwy belongs
to the centralizer of the generator set

oyt @it ECPwy (Goy) S @i "T=1"¢;".

By definition, is a finite composition of the structural

generators Ty, Tz, -+ T € Gy # f7 = T1, 7o T
. Then @ *T=71-¢" , for all
01" € CyPw;, and T E Gy satisfies

(B =9 (B" () =B (¢"(x)) = (B" - 9")(x)
forall™,B” € CyPwy and domain element x. This
shows abelianity features of star-like semigoup
CyPwy under map composition. Evaluated
across the structural digraph classes, with cycle
order ¢ = 0,3,6 and ¢ < 5, the lower operational
combinatorial function is established as:

|Kg-(G2y)| < Kp-Cycl (if )i = 3,
f(nCyPai) =4 m(Go) + p(65) - 1] < (GuMH))im=p =4 )
|[Kg: (Cyel (if))| < Gey(BY+ Goy(HDie =5,

where Cycl (if*) counts structural cycles. To
establish the upper operational combinatorial

function, we apply the orbit-stablizer Theorem
to the non-fixed state space V\fix(B"), which
has cardinality [V\fix(B")|n— fix(f")
. Because the centralizer Z(f") partitions this
non-fixed state space into uniform p — periodic
transformations in the H; class, we see that p-
Gey(He) =n+ Cycl (if") — fix(B"). Lemma 8
and Equation (5) yields the piece wise operational
upper combinatorial function:
(Z)(cymg)g Gy (B> p >3,
m+1

f(nGiy) = ( p-1 )* 2 AR p(GEy(H;));m 2p21, 9

ri=1
c

C

(m+1

o )+Zz{,»+H55n+Cycl/3'—fixﬁ';H§ >1i 23

r'=1

Summation and index aggregationvacross m by
p(1 < p = m) constraint the operational capacity
of each components:

EL”:J (n,G5y) = AGH(BY), Separating  the
component-depéndent../(Gsy, —1)  form  the
centralizerinvariant base weight, we have:

m
z [(Gey — 1) + CyPwy] < AGL(BY),
r=1

such that:

m m
Z (Go, — 1)+ Z CyPwy, < AGL,(BY).
p=1 p=1

Then, (CyPwp)+ p(Giy —1) =AG;H . By
Theorem 4, every spinnable generator * € C),Pwy,
uniquely characterizes the class representatives
Gey(B™) equal to its minimal relapse index:

Gey(B™) = r™(B7) yields:

. o oon? r
GE'y (}3») n Cme,"l = U (GEy ('gv + _)) (2 G;y ('3 +—)),
n=1 r 3n

where:—i count the pair combinatorics across
level and the linear term i normalizes cycle-
density across sub-kernels. Therefore, using the
combinatorial collapse-relapse constraint functions
in Equation (6) generate:

.y m—q +1 n—q +1
(0650)= (- )~ G -) -G 7~}
which shows that the operational capacity bound
AG¢y holds generally across all digraph classes.

Theorem 6: Let " € C,Pw, he a_ sninnahle
transformation semigrnyn Jover G € {A. T, He}

with collapse index 7 P ) and relanse index
7(B") satistying that 7 (B") = a"(B"). Under
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the centralizer action established in Theorem 5
and given initial boundary conditions fo Gy — =0
and fo Géy = = Gey(B") — 1. the lower bound
combinatorial function fnG ¢y satisfies the second-
difference tate transition identity:

—2fuey, +fo-16y, =17 BT (BT
= "B then:
P
—1>+(G&@jfﬂﬁm)
prq (f)

7B+ ()
2ey(8")
Proof. By Definition 7, the domain X;, partitions
into cyclic components Ccyl(GZ,(B)) and defect
states Xp,\Im(B"), given m =Im(B")+q"(B")
. The star-like paths across q*"(f") satisfying
(n—q"(f7))2+2r°(f"). Linking the joint
partition invariant vector (q,7) of Theorem 4
directly to the boundary structure. By Theorem 5,
centralizer commutativity @ *T =T ¢" ensures
uniform operator action AGZy across paths with

increment Afy, = fs1 — fin + % ‘.

fn+1 Géy
for 278

m

fay @ @ Tom p):(

Taking difference yields a%f, = (f,,, - f) - (fu - fusd) = @)

peq (g
such that:
_ _T(BY _
24 = p-q (B =4

fo=0=C=0.

(B
2p - q* (B87)

" nG)' * k3
Then, f, = A(1)? + B(1) =#&3) +B=Gy(p")-1.

Solving, = Gey(B™) — 1 — % . Susbstituitng

AB, and C\ into ,f, = A,® + By, +C yields
fusty = G Eym® + (G (B — 1 - ﬁ:ﬁgﬁ,))n.
From Lemma 6, G, (") — 1( )) ( )then
by Definition 1, Equatlon (6) shopws that

% = Lf) that established

fucs, B=.q = r+mp) =TT

LETE) s (G (B) - sy

Hence, the proof.
4. DISCUSSION AND CONCLUSION

4.1. Comparative Analysis with Existing
Literature

To contextualize the theoretical contributions
of the proposed star-like cyclicpoid framework
CyPwy, we compare its structural capabilities with
foundational and recent transformation semigroup
models in Table 3.

Unlike traditional monogenic®semigroups where
elements outside the kernel operate strictly as linear
tails feeding into a cyclic group subsemigroup, the
star-like cyclicpoid ‘accommodates partial unary
maps with zero-adjunctions (@ ). Compared to
recent restricted equivalence models [23, 24], our
framework introduces tropical matrix spectrum
evaluation via min-plus algebra, bridging abstract
transformation theory with spectral graph methods
and operational path counting.

4.2. Mathematical Implications
The mathematical formulation presented in Section
3 carries key theoretical implications for algebraic

semigroup theory:

(i) Spectral Resolution of Non-Group Kernels:
Mapping non-group transformation matrices onto

Table 3. Comparative summary of transformation semigroup frameworks.

Semigroup framework Non-Group kernel Unary Tropical spectral Primary application
support inversion representation domain
duality
Classical monogenic Limited to No No Abstract
(Howie [14]) Kg- = C, algebra
Order preserving Partial No No Combinatorics on
isometries (Ali Finite chains
etal [12])
Equivalence retricted Structural No No Invariant set
(Srimora et al. [23]) theory
Star-like cyclicpoid Full support Explicit Min-plus Algebraic and tropical
(Cy P w;). This work (Géy polynomials systems
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tropical minplus polynomials allows the extraction
of invariant tropical roots @;. This proves that
min-plus linear algebra can effectively bypass the
traditional lack of multiplicative inverses in partial
transformation semigroups.

(ii) Tight Parameter-Driven Lower Bounds:
The combinatorial lower bound formulation
established in Theorem 3 links generator
indices m, periodsp , and joint parameters
v”. This provides a predictive algebraic tool for
evaluating valid transformation paths without
relying on full Cayley table enumeration.

4.3. Practical Applications

Beyond pure semigroup theory, the proposed
framework offers concrete utility across several
applied mathematical domains:

(i) Biological Regulatory Network Modeling:
Star-like partial transformations naturally model
biological networks where regulatory pathways
exhibit threshold-triggered cyclic feedback loops
(kernel period P) initiated by non-reversible startup
conditions (index m).

(ii) Deterministic Finite Automata (DFA)
Optimization: In computer science, unary state
transitions containing undefined partial states (@ )
can be evaluated using the derived tropical root
bounds to optimize transition path ‘routing and
state-space complexity.

(iii) Tropical Bottleneck Pathfinding: The min-
plus polynomial matrix framework provides an
explicit algebraic foundation for solving dynamic
programming ~ and  bottleneck  shortest-path
problems in weighted networks.

4.4. Concluding Remarks

The  mathematical  framework  developed
across these cyclicpoid classes and star-like
transformation semigroups bridges classical
semigroup theory, tropical matrix algebra, and
structural graph dynamics. By establishing explicit
operational bounds and formalizing the interplay
between idempotent commutativity and tropical
characteristic roots, these results offer a unified
algebraic foundation for analyzing complex finite
state systems, routing optimization, and generalized
inverse structures.
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