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Abstract: This paper presents an analytical analysis of a sphere placed in fractional dimensional space. The Laplacian
Equation in fractional space describes physics as a complex phenomenon. The general solution of the Laplacian
equation in fractional space is obtained by the separable variable technique. We have investigated a close form solution
for conducting sphere and dielectric sphere. Further, the electric potential and charge density, induced due to a point
charge is calculated in fractional space, and also the energy radiated by the sphere is determined. The results are
compared with the classical results by setting the fractional parameter o = 3 which normally lies in the limit 2 < o < 3.

1. INTRODUCTION

The idea of fractional dimensional space (FD Space)
is very useful in the various branches of physics and
it has been discussed by many researchers . Various
scientists have applied it accordingly as Wilson [3]
has discussed quantum field theory in fractional
space. Further, the fractional space can be used as a
parameter in the Ising limit of quantum field theory
[6]. Stillinger [4] has given a brief introduction to
this theme for the formulation of Schrodinger and
Gibbsian statistical mechanics in the fractional
space. Svozil and Zeilinger [10] have investigated
operationalistic meanings of the dimension of
space time that provides the possibility of predicted
space time dimension. It is already stated that the
fractional space time is less than 4. In the new era,
Gauss law [11] has been formulated in the FD space.
The solutions of electrostatic problems , have also
been investigated in the fractional space for.

In this paper, we have focused on the problem of
a sphere in an electrostatic field [16] and worked it
out for fractional space. Some researchers [17] have
also discussed this problem in fraction dimensional
space. But we have calculated the electric field and
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energy in fractional dimensional space. We have
also calculated its energy, charge density, dipole
moment and electric field in fractional space for
the outside sphere as well as inside the sphere.
We have considered here both cases of the sphere
“conducting and dielectric” in the electrostatic field.
We have solved this problem analytically. First,
we consider a conducting sphere, then we solve it
for a dielectric sphere and finally, we solve for an
electric field and energy radiated by the sphere. For
the integer order , the original classical solution can
be recovered.

2. MATHEMATICAL MODEL

Let us consider a conducting sphere (as shown in Figure
1) having radius r; embedded in the host medium of
permittivity €, [16]. The point charge q is situated on
zZ — axis at z = { > ryq. In FD space, we will find the
potential on the sphere as well as the charge distribution.
At any point outside the sphere, the entire potential is
given as ¢ = ¢ + ¢4, where ¢ is known as the
potential of the outer source ¢ and ¢ indicates the
potential of the induced charge distribution on the
sphere. This potential is single valued, as in Stratton
[16], and can be expressed as:
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where the unknown arbitrary constants are A, and z
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Fig. 1. A sphere placed in fractional dimensional space

In fractional space we can express as:
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When r < {, the expansion of the primary potential ¢,
can be expressed as:
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As ¢ is constant and since the above equation must be
valid for all values of 8, it means that the coefficients of

C l“ / 2_1(c059) must goes to zero for all values of 1 > 0.

Here, the unknown coefficient b,, can be determined
from the following set of relations:

To find the charge density [16], we can calculate the
normal derivatives on the surface of the sphere as:

), =2
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and the induced charge density can be calculated as:

w=—€ (Z‘f)r_rl ezr—: ——Zl o (U+a—

2) gHi C**(cosh), (2 < a < 3) (10)

The entire charge on the sphere is thus given as:
g =[] ;" wrfsinodody (11)

Now using the orthogonality property of Legendre
functions, we find:

f ¢/ 1(6059)6'“/2 !(cosB)sin6d6 = 0,
0

whenl # ' (12)

where,

Cg/z_l(cosﬁ) =1land Cf/z_l(cosﬁ) = (a — 2)cosO

We take ' =0, Cg‘/z_l(cose) =1 and then
C la / 2_1(c059) vanishes when integrated for the limit 0
to m for all I > 0, thus we have:
G =4merids—qa-2)7 (13)
Therefore, the potential of the sphere is given as:
-1 & (a=2g
¢5 - 4TEY T + 4mey { (14)

Thus the potential for the integer order @ = 3 can be
found as follows:
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where g, is showing the excess of the charge so it has
been placed on the isolated sphere. Here, for a simple
interpretation we choose the point z = ¢’ such that {{' =
r# is said to be the inverse of z = {. In this way we can
write,

=32 ()4

Thus, the resultant potential is given as follows:

“/ 2= 1(cos@)
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,(2<a<3) (16)
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Next, we will determine electric potential due to point
charge [16] outside and inside the sphere. At any point
outside the sphere, the conductivity is zero and the
inductive capacity is €4, thus the potential is given by:

T =+ ¢i =
2<a<3)

+ 2120 TH-Bci zca/2 1(‘:059)
(18)

The symbol ¢ shows the potential or field outside the
sphere.

ATTEL Ty

¢ =Y, AlrlCla/z_l(cose), (r<mn) (19
The Notation ¢~ represents the potential inside the
sphere and the induced polarization
+ _ r 2
d) Zl 0 [4ﬂ€ ((() l+a 2] C (COSB)
2<a<3) (20)
Where,
1 ca/2-1
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Across the boundary, we find that:
¢t =¢" 21
apt ¢~
— =€ |— 22
€2 [ ar r=ry €1 [ ar r=ry ( )
from the first boundary condition, we can calculate:
1 B
Apt = et + (23)
2nd boundary condition leads us to the following:
- 1
e A}t = ;%lr{ —e(l+a-2)7ms Ha - (24)

By simplification, we obtain the unknowns as follows:
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At any point the potential outside the sphere is given as:

¢+_

47'[(:'2 T
a4 (e2=€1) g0 ! r2lta=2 127 (cosh)
e Lizo elte;(l+a-2)) U1 rita-2 (2<
a<3) 27

and also the potential inside the sphere is given as:
7 < 204 a-2

4T L el + e +a- 2
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For [ = 1, at any point, the potential outside the sphere
can be calculated as:
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and the potential inside the sphere is given as:

¢—_ q

412 61+ez(a 1))

r(a —2)cosl, (2<a<3)
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For @ = 3, we can find that the potential at any point
outside the sphere is given as:

oL g, ai (e cos6
¢" = ame,ry  Amd% €;(e1+2€5) 12 @1
and the potential inside the sphere is calculated as:
¢ = 1 rcos6 (32)

4% €1+2¢€;

In this section [16], we find the electric potential and
field for a dielectric sphere placed in FD Space. When
the point source ¢ deviates from the origin, the field in
the vicinity of the sphere becomes parallel and
homogeneous. Here, we consider a sphere placed in a
host medium of electric constant €, under the influence
of a uniform parallel, and external field E,, which is
directed along the positive z — axis. Consequently, the
primary potential can be written as follows:

¢o = —Egz = —Eyrcos® = —EyrP;(cosf) (33)

In FD space, the primary field is given:
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When ¢, is not continuous at infinity, and for the source,
it is itself infinitely remote. The potential at any point
outside the sphere is because of either the induced
surface charge or the polarization and is given as:

_Bi
(p Zl =0 rl+a—

for conducting sphere, then the total potential on the
surface of sphere as well as inside the sphere is a
constant ¢ which is given as:

CH* (cosh), 2<a<3) (35)

s = —EorlCa/Z_l(cose) +

o B a/2 1

=0 W (cosh), 2<a<3) (36)
Since ¢ is independent of 8, so we can write:
By =r¢ps, By =1Ey, B, =0, for [ >1 (37
¢t = —Eyr(a — 2)cost + rff m r17¢5 (38)

Now we will compute the charge density and the total
charge density is given as:

w=-e(%)_ (39)
Thus we can find the charge density as:
w = ala — 2)e,Eycosf + gt 1, g1 = 4me,r s (40)
When a = 3,
= 3¢,Eycosf + bt 1, q1 = 4meyr s 41)

The induced charge surface is due to a dipole moment
p = 4me, 1 Ey.

In case. if the sphere is charged, then q; is added to the
charge of the sphere. If the sphere is of a dielectric
inductive capacity €4, then across the boundary
conditions we can find the constants A; and B;. As

¢)+=¢)_,T=T1

€2 (agi:)rﬂl - a (?;T_)r:n

(42)

(43)

Where Ag =0,By=0and B, =0, 4,
1. Then the boundary conditions yield:

=0, when [ >

—aEZEO €1—€2 a
e Eorf
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A= —_—
1 e1+(a-1)e; 0

and B1 =

The resultant potentials are therefore given as:

€1—€; a (@—2)cosf
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and
o = Eq(a — 2)rcosf (45)

61+(a 1)6

where z = rcos6, inside the sphere, the field £~ =

- Z—‘: is paprallel and same. Thus,

E-=—=2__E(a-2)

e1+(a-1)e;

(46)

The dielectric constant k4 of the sphere is either greater
or smaller than k. Thus, the field within the spherical
cavity is excited from a homogeneous dielectric constant
K, and it is given as:
aKy

E”= 1+(a-1)k,

Eo(a—2) > E, (47)
Next, we see that the induced field outside the sphere is
because of the dipole oriented along the direction of z —
axis whose dipole moment is given as:

A N (48)

P= 47[62 1+(a 1)e, 0

Apparently, the characteristics of a spherical cavity look
like a dipole. This effect is readily accounted for
revealing that the walls of the cavity bear a bound charge
of density w’ = —n;. P,, where P, is the polarization of
the external medium. In the case of a dielectric sphere in
the air, we have €, = €. The polarization of the sphere
is then given as:

Py =€o(ly —DE™ = a~ T €y (49)
and its dipole moment is then calculated as:
p= %nrf.Pl (50)

The energy of the polarized sphere for the external field
is thus given as:
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U1=—EfvP1.E0dv=—zp.Eo (51)

3. CONCLUSION

In this article, the Laplace equation has been solved
analytically for the fraction dimensional space. The non-
integer dynamics plays a key role in describing the
complex phenomenon. We have calculated an
electrostatic potential of a conducting sphere as well as
a dielectric sphere in fractional space. Moreover, we
calculated an electric field and power radiated by the
sphere. This is a general and close form solution that can
be applied for various materials as host medium as well
as core medium. We have checked that by setting alpha
parameter equal to 3, the classical results can be
recovered.

4. CONFLICT OF INTEREST

The authors declare no conflict of interest.

5. REFERENCES

1. C.G. Bollini, and J.J. Giambiagi. Dimensional
renormalization: The number of dimensions as a
regularizing parameter. I/ Nuovo Cimento B 12: 20-
26 (1972).

2. JLF. Ashmore. On renormalization and complex
space-time  dimensions.  Communications  in
Mathematical Physics 29: 177-187 (1973).

3. K.G. Wilson. Quantum field-theory models in less
than 4 dimension. Physical Review D 7: 2911-2926
(1973).

4. F.H. Stillinger. Axiomatic basis for spaces with non
integer dimension. Journal of Mathematical Physics
18: 1224-1234 (1977).

5. X.F. He. Excitons in anisotropic solids: The model
of fractional-dimensional space. Physical Review B
43:2063-2069 (1991).

6. CM. Bender, and S. Boettcher. Dimensional
expansion for the Ising limit of quantum field
theory. Physical Review D 48: 4919-4923 (1993).

7.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

C.M. Bender, and K.A. Milton. Scalar Casimir
effect for a D-dimension sphere. Physical
Review D 50: 6547-6555 (1994).

V.E. Tarasov. Fractional generalization of
Liouville equations. Chaos 14: 123-127 (2004).
V.E. Tarasov. Electromagnetic fields on
fractals. Modern Physics Letters A 21: 1587-
1600 (2006).

A. Zeilinger, and K. Svozil. Measuring the
dimension of space-time. Physical Review
Letters 54: 2553-2555 (1985).

S. Muslih, and D. Baleanu. Fractional
multipoles in fractional space. Nonlinear
Analysis: Real World Applications 8: 198-203
(2007).

C. Palmer, and P.N. Stavrinou. Equations of
motion in a non integer-dimension space.
Journal of Physics A 37: 6987-7003 (2004).
J.D. Jackson. Classical Electrodynamics, 3rd
edition. Wiley, New York (1999).

D.J. Griffiths. Introduction to Electrodynamics,
4th Edition. Pearson Education (2012).

T. Myint-U, and L. Debnath. Linear Partial
Differential Equations for Scientists and
Engineers, 4th Edition. Birkhauser (2007).

V.E. Tarasov. Gravitational field of fractals
distribution of particles. Celestial Mechanics
and Dynamical Astronomy 94: 1-15 (2006).
J.A. Stratton. Electromagnetic Theory. Wiley-
IEEE Press 640 (1941).

D. Baleanu, A.K. Golmankhaneh, and A.K.
Golmankhaneh. On electromagnetic field in
fractional space. Nonlinear Analysis: Real
World Applications 11: 288-292 (2010).

P.M. Morse, and H. Feshbach. Methods of
Theoretical Physics. McGraw-Hill Book Comp.,
Inc., New York, Toronto, London, Part II 260:
208-209 (1953).



