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Abstract: The problem related to the dielectric cylinder placed in non-integer dimensional space (FD space) is
thoroughly investigated in this paper. The FD space describes complex phenomena of physics and electromagnetism.
We have solved Laplacian equation in FD space to obtain the solution of a dielectric cylinder in low frequency. The
problem is solved by the method of separation of variables analytically. The classical solution of the problem can be
easily recovered from the derived solution in non-integer dimensional space.
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1. INTRODUCTION

The concept of non-integer dimensional space (FD
-space) has been considered a very useful in various
areas of physics and electromagnetism and many
researchers [1 —16] have discussed and applied it
previously. Wilson [3] has employed this idea in the
quantum field theory. Further, it was suggested that
the FD-space can be used as a parameter in the Ising
limit in quantum field theory [6]. Stillinger [4] has
provided an axiomatic basis of this concept for the
formulation of Schrodinger wave mechanics and
Gibbsian statistical mechanics in o -dimensional
space. Svozil and Zeilinger [10] have presented
operationalized definition of the of space—time
which has provided the possibility of experimental
determination of space—time dimension. It has
also been stated that the non-integer dimension of
space—time is slightly less than 4. Gauss law [11]
has been formulated in a-dimensional fractional
space. The solution of electrostatic problems
[13 — 18] have also been investigated in the FD
space considering (2 < o < 3). In the present
work, we have extended the dielectric cylinder
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problem and solved it analytically in non-integer
dimensional space. The main objective is to use
the Laplacian equation to find electric potential and
the field due to a dielectric cylinder in non-integer
dimensional space. To retrieve the integer order,
we may consider o = 3. As a result, the original
solution is recovered.

2. MATHEMATICAL MODEL

We have considered an infinitely long circular
cylinder of radius ‘a’, which is made up of a
material having a dielectric constant (e/e_0 ) and
is placed in uniform electric field EO. The cylinder
is oriented with its axis at the right angle to the
applied primary field EOr(a — 2) cosf. We will find
the potential and electric field in non-integer space
(2 < a < 3) in the three regions. We will employ
the cylindrical coordinates (r,0) for the appropriate
solutions.

Since the total charge enclosed within the region is
zero, so we can use Poisson’s equation:
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Fig.1: Dielectric Cylinder Placed in Fractional Space

Since the total charge enclosed within the
region is zero, so we can use Poisson’s equation:
V:O(r,0) =0 (1)
This is also known as cylindrical wave
equation and is expressed as follows,
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We will deal with this problem in electrostatic
and magnetostatics, where o = 0 so that £ =0. As
the translational symmetry of the cylinder is
considered to be along z-axis, so ‘®’ is
independent of ‘z’ and we need to consider the
problem in the (7,0 )- plane only. Further,
symmetry in this problem leads us to choose
cylindrical coordinates in which Poisson’s
equation is expressed as follows,

Lo (0w,
T or ,c')?‘

The separation of variable method solves the
Eq. (3) and its possible solutions in the uniform
electric field are  cos@ and ' cosé. The general
solution for low frequency can be expressed as
follows,

W(r, ¢) = Z (An'l + Bﬂ'*l) Pi(cos 0
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where, Pi(cost)) = cosd.

Eq.(3) can also be solved by separable method in
non-integer space.
Let suppose,

0(r,0) = R()O(0) ®)

- dz d

W + (o — 2) cot 9@ +l(l+a- 2)] 6(9) =0 (6)
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The solutions of the above angular differential
equation (6) is obtained from [10] and expressed
as Follows,

e(0) = P** (cos 0) 8)
(D
Similarly, the solutions of the above radial
differential equation (7) is obtained from [12] as

/' and . Therefore, the general solution of
scalar potential of dielectric cylinder in fraction
space can be expressed as,

We(r,p) = Xhaw dir--a-3)iPiasr-1(cosb)-o &)

For our convenience, we can limit the above
form of the solution only within outside and inside
of the cylindrical regions. For the outside region,
we need to have the electric field at infinity, but
we certainly don’t want the field to diverge. It is
that the logarithmic and # terms with / > 1
diverge as ‘r’ goes to infinity. Hence , these terms
are unphysical and can not be considered.
Therefore, we are interested only in the solution,

for/=1

P (cos ) = (a—2) cos
Because each region has the same symmetry with
respect to the external field, so the expressions of
potentials in each region are written as,
Outside the region:

U(r,0) = —Egr(a—2)cosp + i(a —2) cos 0,
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Here, for large values of ‘r’ the field is supposed to
reduce to —Egr(a—2) cosp, corresponding to the
uniform field.
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Inside the region:

Y(r,p) = A r(a—2) cosp r<a (11)

For the determination of unknown coefficients
‘A’ and ‘B’ boundary conditions are applied. The
fields must be continuous across the boundary at r
= a, so using the boundary conditions we find the
unknown coefficients A and B, which are
expressed as follows.

—(a—1)FEy
A= -
€+ (a—2) (12)
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b=t Gy (13)
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V'(r,0) = %r(u =2)cosdp r<a (15)

The total electric field intensity is
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The secondary electric field intensity is
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3. CONCLUSION

In this paper the Laplace equation has been studied
in o -dimensional fractional space. The potential
and electric field of the dielectric cylinder is
obtained in fractional space. The classical results
are recovered from the investigated solution for o
= 3. Further, this solution can be applied for
various materials. The host medium and core
medium can be studied for multiple materials like
meta-materials, plasma etc.

4. ACKNOWLEDGEMENT

The authors thank the Higher Education
Commission (HEC) of Pakistan for granting them
visiting professorships and the Department of

Mathematics at the Quaid-i-Azam University,
Islamabad, Pakistan for its hospitality and
guidance this work was commenced.

5. REFERENCES

1. C.G. Bollini, JJ. Giambiagi, Dimensional
renormalization: The number of dimensions as
a regularizing parameter, Nuovo Cimento B 12
(1972) 2026.

2. J.F. Ashmore, On renormalization and complex
space time dimensions, Commun. Math. Phys. 29
(1973) 177-187.

3. K.G. Wilson, Quantum field-theory models in less
than 4 dimension, Phys. Rev. D 7 (10) (1973) 2911-
2926.

4. F.H. Stillinger, Axiomatic basis for spaces with
noninteger dimension, J. Math. Phys. 18 (6) (1977)
1224-1234.

5. X.F. He, Excitons in anisotropic solids: The model
of fractional-dimensional space, Phys. Rev. B 43
(3) (1991) 2063-2069.

6. C.M. Bender, S. Boettcher, Dimensional expansion
for the Ising limit of quantum field theory, Phy. Rev.
D 48 (10) (1993) 4919-4923.

7. C.M. Bender, K.A. Milton, Scalar Casimir effect for
a D-dimension sphere, Phys. Rev. D 50 (10) (1994)
6547-6555.

8. V.E. Tarasov, Fractional generalization of Liouville
equations, Chaos 14 (2004) 123-127.

9. V.E. Tarasov, Electromagnetic fields on fractals,
Modern Phys. Lett. A 21 (20) (2006) 1587-1600.

10. A. Zeilinger, K. Svozil, Measuring the dimension of
space time, Phys. Rev. Lett. 54 (1985) 2553-2555.

11. S. Muslih, D. Baleanu, Fractional multipoles in
fractional space, Nonlinear Anal. 8 (2007) 198-203.

12. C. Palmer, P.N. Stavrinou, Equations of motion in
a noninteger-dimensionspace, J. Phys. A 37 (2004)
6987-7003.

13. J.D. Jackson, Classical Electrodynamics, 3rd ed.,
John Wiley, New York, 1999.

14. Julius Adams Stratton, Electromagnetic Theory,
640 Pages, 1941, Wiley-IEEE Press.

15. T. Myint-U, L. Debnath, Linear Partial Differential
Equations for Scientists and Engineers, 4th ed.,
2007.

16. V.E. Tarasov, Gravitational field of fractals
distribution of particles, Celestial Mech. and
Dynam. Astronom. 94 (2006) 1-15.

17. P. M. Morse and H. Feshbach, Methods of



78 Akbar et al

Theoretical Physics, Part II, pages 1184-1185, New
York: McGraw-Hill, 1953.

18. Dumitru Baleanu, Alireza K. Golmankhaneh, Ali
K. Golmankhaneh, On electromagnetic field in
fractional space, Nonlinear Analysis: Real World

19.

Applications 11 (2010) 288-292.

V.E. Tarasov, Vector Calculus in Non-Integer
Dimensional Space and its Applications to Fractal
Media, Eq.(77), Commun Nonlinear Sci Numer
Simulat 20 (2015) 360-374.



