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Abstract: Non-linear equations are fundamental to a wide range of practical applications in engineering and applied 
sciences. This research paper presents a novel iterative scheme—a fifteenth-order approach—designed to effectively 
solve non-linear problems. The numerical results of the Proposed Scheme are thoroughly compared with those of 
existing methods. Graphical representations and basin of attraction analysis reveal that the fifteenth-order method 
achieves superior accuracy and efficiency, surpassing alternative methods in the precise estimation of solutions to 
non-linear problems. 
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1.	 INTRODUCTION

The prevalence of non-linear equations, as 
represented by the form , is observed 
across various fields in both pure and applied 
sciences, engineering, and computing. Recent 
efforts have been dedicated by numerous scientists 
and engineers to the addressing of non-linear 
equations through both numerical and analytical 
methods [1]. In the field of literature, various 
Iterative Schemes and algorithms have been 
developed, drawing inspiration from techniques 
such as interpolation, Taylor’s series, quadrature 
formulas, and decomposition. Additionally, there 
are several modifications and enhancements to 
existing methods, along with the introduction of 
various hybrid iterative approaches. Xiaojian [2] 
introduced several variants of the Chebyshev–Halley 
methods that do not require the second derivative. 
The proposed methods were demonstrated to 
have a minimum convergence order of three, with 
each iteration involving the evaluation of two 
functions and one first derivative. Lakho et al. 

[3] presented a seventh ordered three step method 
using Lagrange interpolation technique. Naseem et 
al. [4] proposed fourth method based on forward 
and finite difference schemes. Abbasi et al. [5] 
proposed a ninth order method using Hermite 
interpolation technique. Soomro et al. [6] proposed 
a bracketing approach based on the Regula Falsi 
method, leading to an enhanced convergence rate. 
Generally, the expression of the roots of non-linear 
or transcendental equations in closed form or their 
analytical computation is found to be challenging. 
The calculation of approximations of the roots, 
typically presented as either small isolating 
intervals or floating-point numbers, is enabled by 
root-finding algorithms. 

In this paper, a hybrid four-step scheme for 
the solution of non-linear methods is presented. 
In this scheme, the convergence rate is enhanced, 
and the number of function evaluations required 
per iteration is reduced through the incorporation 
of a weight function and interpolation techniques, 
respectively, contributing to the improvement of 



the efficiency index. To evaluate the effectiveness 
of the proposed approach, numerous examples and 
Real-world problems were subjected to testing and 
comparison with existing methods (TE1 15th, TE2 
15th, and TE3 15th as mentioned by Eftekhari [7], 
and FS 15th as indicated by Soleymani and Sharifi 
[8]). The results of these comparisons are presented 
in various Tables and Figures, while the stability of 
the Proposed Scheme is further validated through 
the analysis of the Basin of attraction. This method 
is not applicable for the system of nonlinear 
equations.

2.    DERIVATION OF PROPOSED SCHEME

For the first step of Proposed Scheme we take 
Newton method [9, 10].

(1)

And for the second step of Proposed Scheme we 
take again newton method Kumar et al. [11], reduce 
the function evaluations we modify it by replacing 
the  by  in second step and introduce 
weight function  
 

(2)

For the third step of Proposed Scheme we take 
again newton method [11], to reduce the function 
evaluations we replacing the  by  
Hermite interpolation in third step.

(3) 

In three-point formula (3) it requires five function 
evaluation per iteration, to reduce the number 
of function evaluations we approximate  
using available data. Since we have four values 

 approximate  by its 
Hermite’s interpolating polynomial of degree 3 
at the nodes  and utilize the approximation 

 in the third step of the iterative 
scheme (3). Hermite’s interpolating polynomial of 
third degree has the form.

	

(4)

And its derivative is:

(5)

The unknown coefficients will be determined using 
available data from the conditions:

Putting into (4) & (5) we get  
and . The coefficients  and are 
obtained from the system of two linear equation 
formed by using the remaining two conditions 

 in (4) and we obtained.
 

&	

By putting the values of  in (5) 
we get:

(6)

Finally, in fourth step of Proposed Scheme we take 
again newton method from Kumar et al. [11], to 
reduce the function evaluations we replacing the 

 by  in four step.

(7)

see in [7].

(8)

Finally, (8) is our proposed Scheme, requiring only 
one first derivative evaluation and four function 
evaluations per iteration.

3.    CONVERGENCE ANALYSIS

Theorem I:	 Consider  belonging to the 
set , and let it be a simple root of a sufficiently 
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differentiable function . Here, 
 represents an open interval that includes  as 

an initial estimate of . In such circumstances, 
the method outlined in equation (8) achieves a 
fifteenth-order accuracy. Remarkably, it required 
only four function evaluations and a single first 
derivative calculation in each complete iteration, 
eliminating the necessity for second or higher-order 
derivatives.

Proof.
The function  can be expressed using its 
Taylor series expansion as:

	  

For simplicity, we assume that

and assume that . Thus, we have:
For step one:

(9)
and

(10)
From eq (9) and (10)

(11)
and

(12)

(13)

Now for step two:

(14)
From equation (14) and (10):

(15)
After simplifying we get:

(16)
And weight function:

(17)

        	  

(18)

				    (19)

Step. 2 

						    
(20)

	 	

(21) 

					   
(22)

			 

(23)
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(24)

 	

(25)

Step. 3 

			   (26)

	

(27)

				  

(28)

	

(29)

 

(30)

			 

(31)

Step. 4 	

(32)

Finally, the proposed scheme mentioned in (8) 
exhibits a convergence rate of fifteen, and the 
efficiency index for proposed algorithm is calculated 
to be .

4.    NUMERICAL EXPRIMENTS

The problems presented below were sourced from 
literature [12, 13] and assessed using both the 
Proposed Scheme and its corresponding counterpart. 
Tables and graphs illustrate the Computational 
Order of Convergence (COC) [14], accuracy, 
efficiency, and consistency of the Proposed Scheme 
and its analogous methods. All the problems below 
were solved using Maple 2022 software, and line 
plots were generated using Origin 2021 software on 
my personal laptop with the following specifications: 
Intel® Core™ i3-4010U CPU @ 1.70 GHz and 8.00 
GB RAM.

Problem 1.

 

Figure 1 shows the comparison of the Computational 
Order of Convergence (COC) for the proposed 
method and its counterpart methods for Problem 
1. In this figure, subfigures (1a), (1b), (1c), (1d), 
(1e) and (1f) display the graphical representations 
of  and  
respectively. Above all figures are shown that 
proposed method converges faster as compared to 
counterparts.
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Problem 2. The van der Waals equation see in Liu 
and Lee [15].

 							     
(33)

Problem 3. The governs the depth of embedment 
equation See in Ding et al. [16]. 
 				    			 
			   (34)

Problem 4. The multipactor phenomenon See in 
Naseem et al. [17].
 							     
			   (35)

4.1.     Description of Basin of Attraction 

The examination of solution stability for the 
nonlinear function , achieved through 
an Iterative Scheme, can be simplified using the 
concept of basins of attraction [20, 29]. Utilizing 
MATLAB R2014a, a visual depiction of all basins 
within the range  was 
created, consisting of  points at a density 
of .

For iteration termination criteria, two 
conditions were set: a maximum iteration count 
of  or an error threshold of . Each 
point within R initiated the iterative algorithms. 
If, within 10 iterations, the sequence from the 
iterative algorithm converged to a root  of the 

Table 1. Value of  & COC of different methods of 
order fifteenth of problems  to .

Proposed scheme TE1 15th TE2 15th TE3 15th FS 15th

Diverge Diverge Diverge Diverge
Diverge Diverge Diverge Diverge
Diverge Diverge Diverge Diverge
Diverge Diverge Diverge Diverge

Diverge Diverge Diverge
Diverge Diverge Diverge
Diverge Diverge Diverge
Diverge Diverge Diverge

Diverge Diverge
Diverge Diverge
Diverge Diverge
Diverge Diverge
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function  and met the specified tolerance, a 
distinct color (excluding black) was assigned to 
the starting point, corresponding to the convergent 
root. Conversely, if the iterative algorithm initiated 
with a point  exceeded the maximum 
iteration count of 16 without converging to any root 

 or converging to a different value  within the 
specified tolerance  it was 
determined that the starting point had diverged. In 
such instances, a black color was assigned to the 
starting point.

Problem 5. Below problems were taken from 
literature.

Figure 5 illustrates the basins of attraction for 
Problem 5, with all initial guesses within the 
range , as obtained by 
the proposed method. Subfigures (5a) and (5b) 
correspond to the basin of attraction for , 
which has five roots, with (5a) illustrating the root 
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Fig. 1.  COC versus solution of problem to 
 by Proposed Scheme and their counterparts.
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Fig. 2. Solution versus iterations of problem 2. by 
Proposed Scheme and its counterparts by assuming the 
scale .

Fig. 3. Solution versus iterations of problem 3. by 
Proposed Scheme and its counterparts by assuming the 
scale .

Fig. 4. Solution versus iterations of problem 4. by 
Proposed Scheme and its counterparts by assuming the 
scale .
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Method
Root & 

corresponding 
absolute 

functional value
1st iteration 2nd iteration 3rd iteration 4th iteration

Proposed scheme  

TE1 15th    

TE2 15th    

TE3 15th    

FS 15th    

Table 2. Numerical results for problem 2. for first four iterations and their absolute functional values at

Method
Root & 

corresponding 
absolute 

functional value
1st iteration 2nd iteration 3rd iteration 4th iteration

Proposed scheme      

TE1 15th   

TE2 15th  

TE3 15th  

FS 15th 
 

Table 3. Numerical results for problem 3. for first four iterations and their absolute function values at

Method
Root & 

corresponding 
absolute 

functional value
1st iteration 2nd iteration 3rd iteration 4th iteration

Proposed scheme      

TE1 15th
     

TE2 15th
     

TE3 15th
     

FS 15th

     

Table 4. Numerical results for problem 4. for first four iterations and their absolute function values at 
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locations and (5b) depicting the number of iterations 
required for convergence. Subfigures (5c) and (5d) 
show the basin of attraction for  with three 
roots, where (5c) shows the root positions and (5d) 
represents the iteration count for each initial guess. 
For  with two roots, subfigures (5e) and (5f) 
displaying the roots and the required iterations, 
respectively. Subfigures (5g) and (5h) represent 
the basin of attraction for  with four roots, 
(5i) and (5j) for with five roots, and (5k) 
and (5l) for  with two roots. In each pair of 
subfigures, the left panel visualizes the location of 
the roots, while the right panel indicates the number 
of iterations required to achieve convergence to the 
respective root.

5.    SUMMARY

To summarize, it is observed that TE1 15th diverges 
in problem 1 of , , and , TE2 15th  
diverges in  and , TE3 15th diverges in 

, and , while FS 15th diverges 
in , as detailed in Table 1. Both Table 1 
and Figure 1 demonstrate that the Computational 
Order of Convergence (COC) of the Proposed 
Scheme exceeds that of all other methods across all 
test problems. Additionally, real-world problems 
2-4, presented in Tables 2-4 and Figures 2-4, 
indicate that the Proposed Scheme achieves faster 
convergence compared to alternative methods. 
The stability analysis of the Proposed Scheme is 
depicted in Figure 5 through the basin of attraction.

6.    CONCLUSIONS

The research paper introduces a new method for 
solving non-linear algebraic and transcendental 
equations, utilizing a weight function and 
interpolations. Key features include a fifteenth-
order convergence rate, requiring only four function 
evaluations and one first derivative per iteration. 
Analysis of test problems reveals divergence 
patterns in TE1 15th, TE2 15th, TE3 15th, and FS 
15th. Notably, the Proposed Scheme demonstrates 
superior computational Order of Convergence 
(COC) compared to counterparts in Table 1. Real-
world problems 1-3 exhibit the proposed scheme’s 
rapid convergence relative to other methods, and 
stability analysis in Figure 5 confirms its stability. 
Overall, the Proposed Scheme proves efficient, fast 
convergent, stable, and consistent, representing a 
significant advancement in the literature.

Fig. 5. Basin of attraction of  to  of problems 
5 obtained by the proposed method.
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