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Abstract: In this paper, new Ma—Minda type subclasses of analytic functions of complex order y, associated with the
cardioid domain in the open unit disk [E, are introduced. The objective of this work is to investigate the first three sharp
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1. INTRODUCTION

In Geometric Function Theory, the classes S*
and C, consisting of starlike and convex univalent
functions respectively, are considered as the most
extensively investigated subclasses of the class
of univalent functions in the open unit disk
E={z€ C:|z| <1}, and have been of major
interest. We refer the reader to [1-5] for the basic
theory of univalent functions, and to Duren [6] for
a detailed review of starlike and convex functions.
A central focus in this area is the investigation
of coefficient problems and the Fekete-Szego
inequality, which provide deep insights into the
behavior of such functions. For detailed discussions
on the coefficient problem and the Fekete—Szego
inequality with related problems, see [7-9] and
[10-12], respectively. To unify and extend the
study of these and related subclasses, Ma—Minda
form of analytic functions are used, which offers a
unified approach to several subclasses of analytics
functions through subordination techniques.

In this work, we introduce new Ma—Minda
type subclasses of starlike and convex analytic
functions connected with a cardioid domain and
examine their geometric properties, including sharp

coefficient bounds and the Fekete-Szegd problem.
To proceed, we recall and review the following
fundamental definitions, which will serve as the
basis for our present study.

Let A be the class of analytic functions f, defined
on E={z€C |zl <1}, satisfying f(0)=0,
f'(0) = 1, and having the following form:

co

flz)=z+ Z anz™ (1)

n=2

Let & be the subclass of <A consisting of univalent
functions f. Consider a subclass P < A, which
includes functions with positive real part and
admits the following power series expansion:

e a]

pER=14) aa" EER) (@)

n=1

Let f and g be analytic in the open unit disk. we
say that f is subordinate to g, written as f < g, if
there exists a function u, analytic in E, satisying
u(0) = 1and|u(z)| < 1suchthatf(z) = g(u(z)).
Moreover, if the function g is univalent in E, then,
f<g< f(0)=g(0)and f(E) < g(E).
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In 1992, Ma and Minda [13] using the concept of
subordination, introduced the following suclasses
of starlike and convex functions respectively.

5*(p) = {f ca T2 go(z)} @)
and
Clp) = {f A1+ Zj;éz) < q)(z)} (4)

Where the function ¢(z) satisfying Re(¢(z)) > 0
, the image @(E) is symmetric with respect to the
real axis, starlike with respect to the point ¢ (0) = 1
and ' (0) > 0. It is worth noting that these classes
encompass and unify many important subclasses

1+A,2

of A. For example, setting ¢(z) = Tran with
-1 <4, <A; =1, in (3) and (4), we obtained
the renowned classes of Janowski starlike and
convex functions, represented by S*[A;, A,] and
C[A1, A3], respectively, studied by Janowski [14].
In addition, if we take A; =1 — 2 &< and 4; = —1
with 0 = x < 1, then S"(¢) and C(¢@) becomes
§* () and C(ex), which are the classes of starlike and
convex functions of order &« respectively, defined by
Robertson [15]. The classes S;;,, = S*(1 + sin z)
and S;,p, = S”(e?) were studied by Cho et al. [16]
and Aouf et al. [17], respectively. By choosing (E)
and /1 + z as specific forms of @(z), the class
5*(¢) reduces to the classical starlike class S and
the class S; defined by Sokot and Stankiewicz [18],

respectively.

For ¢(z) =1+ ze?, Kumar and Kamaljeet [19]
introduced the subclass ~# of of starlike functions
defined by:
. zf'(2)
@, =1f€EA —— <1+ ze? = (2)} (5)
p={rea s i
where the image of the unit disk under ¢ is a
cardioid domain.

4z  2z°% *
For ¢(z) =1+ — T the class reduces to S¢
, investigated by Sharma et al. [20], containing
functions f € A such that 22 mapped into the
region enclosed by the cardioid described by the

following Equation.

16(9x2+9y2 —6x+ 1) — (9x2 +9y2 — 18x+5)2 =0 (6)

An extension of (3) and (4) respectively, was given
by Ravichandran et al. [21] as follows:

zf'(2)
f(2)
7zf" (Z)
f'(@)

S*(r:¢)={fEcﬂ=1+%( —1)<90(2)} (7)

c@,go)={feat=1+%( )w(z)} ®)

where, ¥ € C\ {0}.

These particular forms of functions are known
as Ma—Minda type analytic functions of order

y,(y € C\ {0}).

Recently, Al-Shaikh ef al. [22] introduced the class
R(l,m,,y), where 0 =<1 and y € C\ {0},
consisting of analytic functions f € A of complex
order Y, satisfying the subordination condition:

E( zf'(z)+x z2f"(2)
y \(1—e)f (2)+e zf ' (2)

1+ - 1) =< @Car(z: m; z)

where, Pcar(Lm; z) gefines a cardioid domain
given by:

200222 + (1 — D1z + 2
2mt2z2+ (m— 1)1z + 2

(PCCL?‘(EJ m; Z) =

1—/5
2\ , and z € E. For

with—-1<m<l<1 1=
more details, see [9].

2. PROPOSED WORK

Inspired by the concept of cardioid region studied
by Kumar and Kamaljeet [19] and Al-Shaikh et
al. [22], we consider the class “*\*") consists of
analytic functions of the form:

[va)

f@=GE-w)+ ) mE-w) ()

n=2

normalized by the conditions f(w) =0, f'(w)=1,
where @ is a fixed point, investigated by Kanas
and Ronning [23]. Based on these ideas, we now
introduce the following new subclass of analytic
functions of complex order V-

Definition 1. A function f (2) € A(w) of the form
(9) is said to be in the class Rear (¥, %, w; 2) of
analytic functions of complex order Y provided that
the following conditions hold:

}{(Z —w)f' @)+« (z—w)’f"(2)
y( (—c)f(2)+e (z —w)f'(2)

1+ —1}< @ (2),
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where, 0 <o <1land y € C\ {0} and @c(2) is
given by:

¢0c(2) =1+ (z—w)e@*); (z €E) (10)
By selecting particular values for the parameters
¥, and 2 in Definition 1, we obtain a known
subclass and some new subclasses as special cases.

() Rear(r, 0,3 2) = Siar (w3 2): A new
subclass of starlike functions characterized by
a complex parameter ¥, involving the cardioid
domain.

(ii)) Rear(1,0,0;z) =S,,: Subclass of starlike
functions connected with cardiod domain,
introduced by Kumar and Kamaljeet [19].

(i) Rear v, Lw; 2) = Coar (v, w; 2): A
new subclass of convex functions of complex ¥
associated with cardioid domain
(iv)  Rear(LlLw;z) = Cogr(w;z): A new
subclass of w+ —convex functions connected to the
cardioid domain.

3. SET OF LEMMAS

We make use of the lemmas stated below to derive
our main results:
Lemma 1. If p € P and it has the form (2), then

lenl =2 forn =1, (11)
Furthermore, for any v € C,
ey — ve}| < 2max{1, |2v — 1]} (12)

For the inequality in (11), see [4], while the
inequality in (12) was reported by Keogh and
Merkes [24].

For the purpose of obtaining our primary results, it
is necessary to prove the following lemma:
Lemma 2. Let

p(z)=1+c(z—w) +c(z—w)? + -,

and p(z) < ¢:(z) , where @, is given by (10),
then

1
Ipz| < 1and |ps| =5

<1, =
|P1| = 2

Results are sharp.
Proof. IfP(2) < #c(2), then there exists an analytic

finction u(z) such that |u(z) | = |Z| in E and
p(z) = oc(u(2)), Therefore, the function:

1+u(z)

}I(Z) = m

=1l+qz-—w)+eiEz-w)? +alz—w)*+--,

1s in the class P (0) It follows that

¢z —w) e\ (z — w)?
“@=‘—E——+(2 }—3——

3 3
ci\(z—w)

+ — + — 7+...‘
(Cg e 4) 2

2

therefore,

pc(u(2) =1+ u(z)e®

Based on the series expansion of
elementary computations, we have

u(z) ang

goc(u(z)) =1 +?(z — ) +?(z —w)?

3 4 2
c; €3 3 c; 3CiC Cy
+( 16+2)(z w) +(24 16 +2)

(z—w)* + oo

=1+p(z—w) +p(z—w)? + ps3(z — w)?
palz — w)* .

Equating coefficients, we get:

5]
=— 13
P1 2 (13)
2
== 14
P2 > (14)
and
_(_d.
pg—( 16+2) (15)

The desired results can be obtained by applying
Lemma 1(11) to equations (13) — (15).

4. MAIN RESULTS

In this section, we determine the best possible
bounds for the initial three coefficients and provide
sharp estimates of the Fekete-Szegd inequality for
the functions f € Reqr (v, %, w; z). Moreover, to
emphasize the connection between prior research
and the new contributions, the well-known class is
also highlighted.

Theorem 1. Let f € Regr(y, ¢, w;2), and be
given by (9). Then,
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™ Y | < y(1+v)
27 (1+x) U221+ 2 )
y(y?+3y+ 1)
{—
and |a4| = (1)
These findings are sharp.

Proof. For given f € Reqr (v, %, w; z), define

p(z)=1+p(z—w) +p(z—w)? + ps(z — w)® + -,

by

1+

1{(2 —w)f'(2)+«x (z— w)*f"(2)
y{ (1-ef(2)+ex (z —w)f'(2)

- 1} = p(2),

where p(z) < @-(2) in E, and is given by (10).
Hence,

1((z —w)f' (2)+ (z — w)2f" (2)
! +?{ (1-)f(@D+x (z—w)f'(z) 1}
. (1+)a, (2 — w)

N (2(1 + 2 x)ag — (1+x)?a3)
14

(z —w)?

N (3(1+oc)ay — 3(1+e)(1 + 2 X)agag + (1+«)%ad)
14

(z—w)?+ -

=1+p(z—w)+p(z—w) +ps(z —w)® + -

Equating coefficients of (z —w), (z = w)? 444
(z — w)® we get:

y
a, = mpl (16)
2
y y .

- n 17

a3~ 21+2002 21+ 20t (17)
and

2 3
y y v,
- + v 3 (18
“ 73010 T 2011 P2 T (11 ) (18)

By employing Lemma 2 on Equations (16) — (18),
the required results are obtained. The function:

91(z) = zexp(e? - 1) (19)
plays the role of an extremal function when Y = 1
and w = o« = 0, for which the equality holds.

Remark1.For«w = 0,y = 1and x= 0in Theorem
1, we get the following known result, investigated
by Kumar and Kamaljeet [19].

Theorem 2. If f €S, and has the form

f(2) =z + X%, arz", then

5
lazl < 1. las| <1 and lay| < ¢

These bounds are sharp.

Remark 2. For « = 0 in Theorem 1, we obtain the
following new result for the subclass S/, (v, w; z).

Theorem 3. Let f € 8;y, (v, w;z),where fis
given by (9), then
y(1+y)
2 r
y(y?+3y+1)
c :

lag| <
las| =

Remark 3. When ¢ = 1, Theorem 1 reduces to the
following new result for the subclass Cgqp (¥, w; 2)

Theorem 4. If f € Ccqr (v, w; z) and is of the form
(9), then

14
= =
|ﬂ2| =57
y(1+vy)
<7J
|f13| = 6
and

| |{r(}f2+3r+1)
ay| = 12 .

Remark 4. When ¥ = 1 and «= 1, Theorem 1
leads to the following new result for the subclass
Cear (w; 2), as follows.

Theorem 5. Let f € Ccar (w3 2), where f is given
by (9), then

1 1 5
|a, | =37 las] =7 and lasl =

Next, we turn our attention to the Fekete-Szegd
problem for the subclass Rear (v, %, w; 2).
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Theorem 6. If a function f of the form (9) belongs
to Rear (v, o, wr; z), then

‘ag —i{ag‘ <

ly| |2y/1(1 +2 &) —(y +1)(1+x)?
2(1+) m“x{ 'l (1+x)?

}

Proof. If f € Rear (¥, <, w; z), then from (13) and
(16), we get

This result is sharp.

@ — ya
27 2(14)
Also, from (13) — (14) and (17), we have
| 4% }’2‘312
gy = + .
4(1+2x) 8(1+ 2 )

This implies that
— AaZ =

Y o (2vA(1+2 o) —y(14e)?
4(1+2 ) {CZ —a ( 2(1+)2 )}

Let,

[ 2yA(1+ 2 ) — y(1+0)?
B 2(1+x)2
This leads to:
lyl
|as — 2a3| = 4(1+200) |2 = vef]

Applying lemma 1(12) for v, We obtained the
required result. For Y=1 and w =«x=0,
equality cases hold for the function given by (1)
whenf‘ € [3-2] and for $:() = zew (5*) when 1< or
2. These are special cases of the general func‘uon

55,1(2) =z exp (Ez 1)

Remark 5. For ¥ = 1 and X = w = 0 in Theorem
6, we obtain the known result for the subclass &,
investigated by Kumar and Kamaljeet [19].

Theorem 7. If a function / of the form (1 belongs

to &, then
1
- ( - E) &

The function for which equality holds is given by
(19). In particular, for A = 1, we have:

1 1
|a3—;1a§\=g c; ézmax(l,2|;1—1|).

T

as —a2| <2

Remark 6. For o« = 0 in Theorem 6, we obtain the
following new result for the subclass 8¢, (v, w; ).

Theorem 8. If a function f of the form (9) belongs
to S¢qr (¥, w; 2), then

‘ag —}{ag‘ < % max{1,|y(24—1) —1]| }

This result is sharp.

Remark 7. The following new result for the
subclass Ceqr (v, w; z) is obtained by taking « = 1
in Theorem 6.

Theorem 9. Let f € Cray (v, ;z) and be of the
form (9). Then

34—4) -4
‘ag—}lag‘ g% max{l, ‘%‘}

Remark 8. The new result for the subclass
Ccar (w; z) is obtained by setting ¥ = Land o« = 1
in Theorem 6, as follows:

Theorem 10. Let f € Cgar(w;2) be given (9).
Then,

Jas — 4a3] <  max (1.}

5. CONCLUSIONS

In the present work, we introduce a new Ma-
Minda type subclass Rear (¥, %, w; 2) of univalent
functions. Furthermore, by assigning specific
values to the parameters ¥» %X and w, we define
three additional subclasses: S¢q-(¥,w32z) and
Cear (¥, w:2), Cecar(w), corresponding to
starlike and convex functions, respectively. These
subclasses are introduced in connection with the
concepts of subordination and the cardioid domain.
The fundamental geometric properties of these
subclasses were investigated, including sharp
bounds for the first three coefficients and sharp
estimates for the Fekete—Szegd problem. Moreover,
a well-known class and its associated results have
been identified to demonstrate the connection
between earlier work and the present investigation.
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